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Abstract. — Peter Scholze has raised the question whether some variant of the
g-de Rham complex is already defined over the Habiro ring H = lim,,cn Z[q] (Aqm_l).
Such a variant should then be called (algebraic) Habiro cohomology.

We show that algebraic Habiro cohomology exists whenever the ¢-de Rham
complex can be equipped with a q-Hodge filtration: a g-deformation of the Hodge
filtration, subject to some reasonable conditions. To any such ¢g-Hodge filtration we
associate a small modification of the ¢g-de Rham complex, which we call the q-Hodge
complex, and show that it descends canonically to the Habiro ring. This construction
recovers and generalises the Habiro ring of a number field from [GSWZ24] and
is closely related to the g-de Rham—Witt complexes from [Wag24] as well as,
conjecturally, to Scholze’s analytic Habiro stack [Sch25].

While there’s no canonical g-Hodge filtration in general, we show that it does
exist in many cases of interest. For example, for a smooth scheme X over Z, the
g-de Rham complex ¢-{2x /7 can be equipped with a canonical g-Hodge filtration as
soon as one inverts all primes p < dim(X/Z).
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§1. INTRODUCTION

§1. Introduction

Throughout the introduction, we’ll work over Z for simplicity. In the main body, we’ll work
instead relative to a A-ring A which is perfectly covered in the sense of 1.22 below.

§1.1. Habiro cohomology

In this paper we’ll investigate the following question, which was raised by Peter Scholze:

1.1. Question. — Is there a version of q-de Rham cohomology with coefficients not in the
power series ring Z[q — 1], but in the Habiro ring
Cp— 3 A
H = 7};16111\IZ[q](qm_1) !
A cohomology theory that provides a positive answer to Question 1.1 would then deserve

the name Habiro cohomology. Let us first convince the reader that it should be worthwhile to
search for such a cohomology theory.

1.2. Why Habiro cohomology? — ¢-de Rham cohomology, which was constructed by
Bhatt and Scholze ([Sch17; BS19]; see also the review in §A) is already a very interesting
cohomology theory: For every smooth scheme X over Z, the g-de Rham complex q-Qx /7 is a
(¢ — 1)-complete object in the derived oo-category D(X, Z[q — 1]) which g-deforms the usual
de Rham complex in the sense that ¢-Qx/z/(q — 1) ~ Q% /7 Moreover, for any prime p, the
p-completion (g-Qx /Z)g computes the prismatic cohomology of X x Spf Z,[(,] over the prism
(Zplq — 1], [plq)- This makes ¢g-de Rham cohomology the only known case (besides de Rham
cohomology) in which prismatic cohomology for all primes can be combined into a global object,
and so it ought to be important.

Now what do we hope to gain from a version of g-de Rham cohomology with coefficients in
‘H instead of Z[q — 1]7 Besides the general philosophy that whenever one has a deformation at
q = 1, one should look at the other roots of unity as well’)), here’s our main motivation to
pursue Question 1.1:

(a) A stacky approach to Habiro cohomology is expected to be much more interesting geomet-
rically than a stacky approach to g-de Rham cohomology (to the extent that either one
exists).

(b) There’s growing evidence that certain 3-manifold invariants related to Chern—Simons
theory take values in Habiro cohomology. (%)

We’ll elaborate on both points below.

1.3. Stacky approaches and Scholze’s Habiro stack. — The term stacky approach refers
to the idea that for any reasonable cohomology theory RI'2(X) there should be a geometric
construction X + X" in such a way that RT'»(X) ~ RI'(X”?, O) is the sheaf cohomology of the
geometric object X’. This allows to study algebraic properties of RI'2(X) via the geometry of
X", which often holds much richer information.

(1-DThe Habiro ring can be regared, in a precise sense, as the ring of power series that have a Taylor expansion
around each root of unity ¢ with coefficients in Z[(]. See Remark 2.14.

(1-21n fact, the Habiro ring was introduced by Habiro himself as the target of certain invariants of hyperbolic
knots and homology 3-spheres [Hab04; Hab02].
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The first instance of a stacky approach is Simpson’s de Rham stack for smooth varieties
over characteristic 0 fields [Sim96]. The construction of a stacky approach to prismatic
cohomology by Drinfeld and Bhatt—Lurie [Dri24; BL22a; BL22b] has started a flurry of results
in recent years. These include at least the work of Anschiitz—Heuer—Le Bras on the Hodge-Tate
stack [AHL22; AHL25; AHL23], the construction of an analytic de Rham stack by Rodriguez
Camargo [RC24], the ongoing work of Anschiitz—Bosco—Hauck-Le Bras-Rodriguez Camargo—
Scholze on analytic prismatisation, the ongoing work of Bhatt—Mathew—Vologodsky—Zhang on
sheared prismatisation, and the ongoing work of Devalapurkar—-Hahn—Raksit—Yuan on recovering
prismatisation from their theory of even stacks [DHRY].

In [Sch25], Scholze proposes a construction of an analytic Habiro stack , which gives
rise to a cohomology theory with coefficients in an analytic version H*" of the Habiro ring.
We'll remark in 1.17 on the expected relationship between this cohomology theory and the
construction of Habiro cohomology that we propose in this paper. For g-de Rham cohomology
we don’t have a global stacky approach available yet (p-adically it works as a special case of
prismatisation), but at least an analytic version is expected to exist (compare the discussion in
[MW24, §1.3]).

XHab

Let us now explain why a stacky approach to Habiro cohomology should be much more
interesting than a stacky approach to g-de Rham cohomology by giving a specific example
which also nicely illustrates 1.2(b).

1.4. The Habiro ring of a number field. — Let F' be a number field and let A be
divisible by 6 disc F.. In [GSWZ24], Garoufalidis—Scholze-Wheeler—Zagier construct a certain
formally étale H-algebra Hep,[1/a]: the Habiro ring of the number field F' (we’ll recall the
specific construction in §2.2). Moreover, the authors construct a regulator map

K3(F) — Pic(Ho,1/a])

and show that certain g-series arising from perturbative Chern—Simons theory naturally form
sections of the line bundles in the image of this regulator.

We would like to interpret Hep,[1/a] and its formal spectrum Spf Hp,.[1/a] as the Habiro
cohomology and the Habiro stack of Spec Op[1/A], respectively.(¥) Already in this special case,
the Habiro stack exhibits non-trivial geometry in form of line bundles with interesting sections
that come from the regulator K3(F) — Pic(Ho,[1/a])- This geometry would be completely
invisible to any ¢g-de Rham stack, as the regulator becomes trivial after (¢ — 1)-completion!

The construction of Habiro cohomology that we propose in this paper recovers Ho,.[1/a]
(Corollary 3.13). It also appears that the connection to Chern—Simons theory extends beyond
the étale case. For example, in [GW25], Garoufalidis and Wheeler construct certain (¢ — 1)-
power series with coefficients in de Rham cohomology; these (¢ — 1)-power power series are
expected to be Habiro cohomology classes. While much of this is still mysterious, it suggests
that something highly nontrivial is going on!

§1.2. g-Hodge filtrations and Habiro descent

Having justified that Question 1.1 is relevant, let us now summarise the contributions of this
paper. As it turns out, Question 1.1 is closely related to the following much less esoteric
question:

(13 Note that Spf Ho (1] doesn’t precisely match up with Scholze’s analytic Habiro stack (Spec Or[1/A])HeP.

See the discussion in 1.17.


https://guests.mpim-bonn.mpg.de/ferdinand/q-Hodge.pdf#section.1.3

§1.2. ¢-HODGE FILTRATIONS AND HABIRO DESCENT

1.5. Question. — Is it possible to equip the q-de Rham complex with a q-deformation of the
Hodge filtration?

To pose this question more formally, we’ll introduce the following notion:
1.6. Definition. — Let R be an animated ring and let ¢-dRg/7 be its derived ¢g-de Rham
complex. A g-Hodge filtration is a (q¢ — 1)-complete filtered module

617 1105 0-AR /2 = (617 1105 a-AR /2 — 1) gy a-dRpyz — - )

over the (¢ — 1)-adically filtered ring (¢ — 1)*Z[q — 1], such that:
(a) ﬁl;_Hdg q-dRp/z is a descending filtration on the derived ¢g-de Rham complex. That is,

A1) y14¢ ¢-dRp/z ~ ¢-dRpz -

(b) Al jag -dRp/z is a filtered g-deformation of the Hodge filtration on the derived de Rham
complex dRp/z. That is,

1} tag AR R/ ®()_1)-21g-1) Z = ili1ag ARz -

(c) Rationally, filj y4, becomes the combined Hodge and (¢ — 1)-adic filtration on (dRpg/z ®%
Q)[lg — 1]. That is,

(1} g ¢-dRR/z @ Q) (Aq_l) ~ fillyge o1y (ARR/zZ ®5 Q)[g —1] .

(¢p) The same holds true for any prime p if we p-complete first and then rationalise. That is,

ﬁl;—Hdg (q‘dRR/Z); [%]E\q—l) — ﬁl,((Hdg,qfl) (dRR/Z); [%] [q—1].

Moreover, the equivalences from (a)—(c,) need to satisfy the obvious compatibilities (and
compatibilities between compatibilities); the precise data required will be spelled out in
Definition 3.2.

We also let AniAlqu’HOlg denote the oo-category of pairs (R, fil} 14, ¢-dRp/z), where R is
an animated ring and ﬁl;,Hdg q-dRp/z is a ¢-Hodge filtration as above. To any such pair, we
associate the q-Hodge complex

. (a-1) (a—1) "
Q‘Hdg(R,ﬁl;,Hdg)/Z := colim (ﬁlg,Hdg q—dRR/Z LN ﬁl;,Hdg q—dRR/Z 4 ... ) _—

If the ¢g-Hodge filtration is clear from the context, we’ll often abusingly write just ¢-Hdgg 7.

1.7. Remark. — We’ve used the derived de Rham complex in Definition 1.6 because we
would like to apply the definition in cases where R isn’t smooth; §1.3. If S is smooth, it doesn’t
matter whether we put a ¢-Hodge filtration on ¢-dRg/z, or a filtration satisfying analogous
conditions on the underived g-de Rham complex ¢-{2g/7; see Remark 3.6 for an argument.

1.8. Remark. — The conditions from Definition 1.6(c) and (¢,) are natural to ask in view of
(¢-dRp,z ®7 Q)(Aqfl) ~ (dRp;z®%Q)[q—1] and (¢-dRg/z), [1/p] (Aq,1) ~ (dRgyz)p [1/p]lg —11;
see Theorem A.1(c) and Lemma A.5. It doesn’t seem to be the case that (c,) follows from the
other conditions and it will be a crucial assumption.
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1.9. Functorial g-Hodge filtrations? — With Definition 1.6, we can rephrase Question 1.5
more formally as follows: Does the forgetful functor AniAlqu'Hdg — AniAlg, admit a section?
The answer to this is, provably, no! Nevertheless, the forgetful functor does have sections over
surprisingly large full subcategories of AniAlg,, as we’ll see in §1.3.

The general non-existence of a section of AniAngZ_Hdg — AniAlg, is known to the experts
and we’ll reproduce the argument in Lemma 3.3. In the following, we’ll present an essentially
equivalent argument in a non-standard way, which will also serve to motivate our first main

positive result.

1.10. More on the g-Hodge complex. — Let (S,00) be a framed smooth algebra over Z.
That is, S is smooth over Z and OJ: Z[z1,...,z,] — S is an étale map. In this case, the ¢-de
Rham complex ¢g-{g/7 can be represented by the explicit complex

-v -v vV n
00820 = (Sla =115 0k le — 11 25 -+ 25 3 [0 - 1])

defined in [Sch17, §3]. On this explicit complex, we can define a filtration filj yq, o ¢-2§ 12,00

in which ﬁlz_Hng is the subcomplex

((a=1'8Ta =10 = (¢ = )70 pla = 1] = -+ = Viygla — 1 = - = Qe —1])

Up to the discrepancy between ¢-{25/7 and ¢-dRg,z, which is easily fixed (see Remark 3.6),
the pair (5, fil} 14, 1) becomes an object in AniAlgg M.
It’s straightforward to check that the associated ¢-Hodge complex in the sense of Definition 1.6

can be represented by the explicit complex

~1)¢-V -1)¢-V -1)¢-V
¢-Hdg o = (S’[[q—l]] (¢—1)q Qé/zﬂq—l]] (¢—D)g¢V — (¢=1)g

Qg‘/z la - 1]])

in which all g-differentials in ¢-2g/7 5 get multiplied by (¢ — 1). This coordinate-dependent
q-Hodge complez first shows up in Pridham’s work [Pril9] and was extensively studied in
previous work of the author. In [Wag24, Theorem 4.27], we showed that for all m € N the

cohomology

H*(¢-Hdgg/z0/(¢™ — 1)) = (Q‘WmQE/Z)(qq)

agrees with the (¢ —1)-completion of a certain object ¢-W,, Q2% /7 which we call the m-truncated
q-de Rham-Witt complex of S [Wag24, Definition 3.13]. The system (q—WmQE/Z)meN satisfies
a similar universal property as the de Rham-Witt pro-complex and so each complex ¢-W,, 2% 1z
is functorial in S. In particular, the cohomology H*(¢-Hdgg/z n/(¢™ — 1)) is independent of
the choice of coordinates [!

In spite of this promising observation, we show in [Wag24, Theorem 5.1] that it is impossible
to turn the g-Hodge complex into a functor of smooth Z-algebras,

q-Hdg_/z: Smz — D(Z[[q — 1]) ,

in such a way that H*(¢-Hdg_ /(¢ — 1)) = (q—WmQ”i/Z)(Aq_l) becomes functorial as well.
This strange no-go result is a strong objection against the existence of a section of the
forgetful functor AniAlqu*Hdg — AniAlg, (and it can be turned into a complete proof using


https://arxiv.org/pdf/1606.01796#section.3
https://guests.mpim-bonn.mpg.de/ferdinand/q-Witt.pdf#theorem.4.27
https://guests.mpim-bonn.mpg.de/ferdinand/q-Witt.pdf#theorem.3.13
https://guests.mpim-bonn.mpg.de/ferdinand/q-Witt.pdf#theorem.5.1
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Theorem 1.11(b) below). Nevertheless, the fact that H*(q—Hdgg/Z’D/(qm — 1)) is the (¢ — 1)-
completion of something canonical looks exactly like what we would expect to see if the g-Hodge
complex were to descend to the Habiro ring!

Our first main result says that this is indeed true: The ¢-Hodge complex, whenever it is
defined, is canonically the (¢ — 1)-completion of another object defined over the Habiro ring.
Moreover, a derived version of the comparison with g-de Rham—Witt complexes holds true,
even without the (¢ — 1)-completion:

1.11. Theorem (see Theorem 3.11). — Let ﬁ(q_l)(Z[q]) and Dy(Z[q)) denote the (¢ — 1)-
and Habiro-complete objects (see §B), respectively, in the derived co-category of Z[q].

(a) The q-Hodge complex functor ¢-Hdg_ 7 AniAlngfHdg — ﬁ(q_l)(Z[q]) admits a non-trivial
symmetric monoidal factorisation

Du(Z[q))

¢-Hdg_,;; -7 N
o |

. -Hd S
AHlAlqu g 4qudg4>_/Z D(q—l) (Z[q])

(b) For allm €N, the quotient g-Hdg_,;/(q™ — 1) admits an ezhaustive ascending filtration
ﬁlz’WmQ(q—Hdg,/Z/(qm — 1)) with associated graded

gr?k—WmQ (q_Hdg—/Z/(qm - 1)) ~¥F q_Wdei/Za

where q—Wdei/Z denotes the derived m-truncated q-de Rham—Witt complex.
1.12. Definition. — g¢-Hdg_ 7 from Theorem 3.11(a) will be called Habiro-Hodge complex.

1.13. Remark. — For objects (S, fil] 4, ¢-dRg/z) € AniAlngfHdg such that S is smooth over
Z, we’ll show in Proposition 3.47 that ¢-Q2g/7 ~ Ln, 1) ¢-Hdgg,z, where Ly, 1) denotes the
Berthelot—-Ogus décalage functor (see [BMS18, §6] or [Stacks, Tag OF7N]). So in this case, the
g-de Rham complex can be descended to the Habiro ring as well via Ln_1) ¢-Hdgg/z-

In general, it seems that only the g-Hodge complex and not the ¢g-de Rham complex admits
descent to the Habiro ring. Here’s an informal reason why the ¢g-Hodge complex is a more
canonical candidate for such a descent: In the (coordinate-dependent) g-de Rham complex
of Z[x], the g-differential sends 2™ +— [m],z™ ' dz, where [m], =1+ q+---+¢™ ! is the
g-analogue of m. This formula gives “special treatment to ¢ = 1”, whereas the most canonical
object to descend to the Habiro ring should “treat all roots of unity equally”. So we should
look for a complex with differentials that send z™ + (¢™ — 1)2™ ! dz, which leads to the
(coordinate-dependent) ¢g-Hodge complex.

§1.3. Existence results for g-Hodge filtrations

Even though AniAlqu_Hdg — AniAlg; has no section, the co-category AniAlg%Hdg still has

many interesting objects. One large class of examples can be construced from topological
Hochschild homology over ku; this will be the content of the companion paper [Wag25].

In this paper, we will describe two elementary constructions of g-Hodge filtrations that
provide sections of AniAlg%’Hdg — AniAlg, over fairly large full subcategories of AniAlg,. Let

us begin with a construction in the smooth case.


https://arxiv.org/pdf/1602.03148#section.6
https://stacks.math.columbia.edu/tag/0F7N
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1.14. Canonical g-Hodge filtrations (smooth case). — Let S be smooth over Z. The
most naive idea to equip ¢-Qg/7 (or rather ¢g-dRg,z, but this distinction doesn’t matter by
Remark 3.6) with a ¢-Hodge filtration would be to simply take the pullback

i} Hag Q52 —— ¢ Qs/z

I

filfiag Qs/2 Qs/z

This cannot work, of course, because in this pullback each filtration step ﬁl;_Hdg q-Qg/7 will
contain all of (¢ — 1) ¢-Q2g/7. In view of Definition 1.6(c) this is only ok for x < 1.

Now if S has relative dimension dim(S/Z) < 1, then the Hodge filtration filjjy, Q% /7, 18
trivial in filtration degrees x > 2. Consequently, if fil}_yq, ¢-$2g/7 is any filtered g-deformation
of the Hodge filtration, then ﬁlZ—Hdg q-2g/7 will necessarily be given by the (¢ —1)-adic filtration
(g — 1)1 ﬁlé_Hdg q-S2g/4 in filtration degrees > 1. We may thus define the first filtration step
ﬁlé_Hdg q-Q25/4 using the pullback above and then construct the rest of the filtration as

(q—QS/Z — il 1195 45z — (¢ — 1) Al 1190 ¢-Qsyz — (¢ — 1)* ] 114, ¢-Qs/7 < - ) :

One can (and we will) check that this satisfies all expected properties. As we’ll see in 4.1, a
variant of this trick still works for S of arbitrary dimension, as long as all primes p < dim(S/Z)
become invertible in S. This will lead to the following theorem:

1.15. Theorem (see Theorem 4.11). — The forgetful functor AniAlqu_Hdg — AniAlg, admits
a section over the full subcategory Smygin-1] € AniAlgy of smooth Z-algebras S such that all
primes p < dim(S/Z) become invertible in S.

1.16. Algebraic Habiro cohomology. — Combining Theorems 1.11 and 1.15 allows us to
define canonical objects ¢-Hdgx,z € D(X,H) for any smooth scheme X over Z such that all
primes p < dim(X/Z) are invertible on X. The sheaf cohomology of ¢-Hdg /z then deserves to
be called the algebraic Habiro cohomology of X. It behaves in many ways (but not all; see 1.17(c)
below) as one would expect from an “algebraic” theory. For example, if X is smooth and proper
over Z[1/N], where N is also divisible by all primes p < dim(X/Z), then RI'(X, ¢-Hdgy/z)
will be a perfect complex over the Habiro-completion of H[1/N].

Thus, up to throwing away “small primes”, algebraic Habiro cohomology provides a tentative
answer to Question 1.1.

1.17. Algebraic vs. analytic Habiro cohomology. — It is not yet known how algebraic
Habiro cohomology relates to the sheaf cohomology of Scholze’s analytic Habiro stack XHab,
which we would like to call analytic Habiro cohomology for clarity. We expect algebraic
and analytic Habiro cohomology to become equal after base change to a suitably completed
localisation of Scholze’s analytic Habiro ring H?". Note, however, that this base change erases
quite some information on either side, and there are several key differences between the algebraic
and the analytic construction:

(a) Fwvaluation at “small primes”. By construction, algebraic Habiro cohomology of a smooth
scheme X will contain no information at primes p < dim(X/Z). By contrast, analytic
Habiro usually does contain non-trivial information at such primes, as N is not invertible
everywhere on the Habiro stack Z[1/N]Hab,
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(b)  FEwvaluation at roots of unity. With the current construction, Scholze’s analytic Habiro stack
becomes the algebraic de Rham stack if ¢ is specialised to a root of unity. In particular,
its cohomology will be Grothendieck’s infinitesimal cohomology, which is ill-behaved in
characteristic p. With algebraic Habiro cohomology, evaluation at roots of unity yields
g-de Rham—-Witt cohomology by Theorem 1.11(b), which is much closer to crystalline
cohomology in characteristic p.

(¢c) Stacky approach. By construction, analytic Habiro cohomology comes with a stacky
approach. For algebraic Habiro cohomology, we don’t expect a stacky approach to exist.
In fact, we don’t even expect ¢-Hdgy sz to carry an Eoc-algebra structure! The reason goes
roughly as follows: The multiplication (“cup product”) on ¢-Hdgy 7z should come from the
diagonal embedding A: X — X x X. Thus, for the multiplication to be defined, we need
to invert all primes p < dim(X x X/Z) = 2dim(X/Z). Similarly, for the multiplication to
be homotopy-associative, we should invert all primes up to p < 3dim(X/Z), and to get it
more and more coherent, we need to invert more and more primes.

In the second half of §4.1 we’ll make the considerations from (c¢) precise, and we’ll show a
formal monoidality statement in Corollary 4.16.

There’s a second case in which we’re able to show the existence of functorial ¢-Hodge
filtrations:

1.18. Canonical g-Hodge filtrations (quasi-regular quotient case). — Let R be a ring
satisfying the following conditions:

(R) For all primes p, R is p-torsion free, the p-completed derived de Rham complex (ARg,z)p is
static, i.e. an actual ring concentrated in degree 0, and the Hodge filtration ﬁlf{dg(dRR/Z)g
is a descending filtration of ideals.

For example, this happens in the following case (see Lemma 4.18): Let B be a perfect A-ring,
let B’ be an étale B-algebra, and let R = B’/J, where J is generated by a Koszul-regular
sequence. If R is p-torsion free, then it will satisfy the other conditions from (R) as well.

If R satisfies these assumptions, then (¢-dRp /Z)g is static as well, and we can construct a
filtration on on it in a very naive way: We define fil} 114,(¢-dRg/z)p to be the (non-derived!)
predimage of the combined Hodge and (¢ — 1)-adic filtration ﬁIfHdg,q_1)(dRR/Z)£ [1/p][q — 1]
under

(e-dRp/z);, — (¢-dRgyz), [3](,_1y =~ (Rryz), [3]la - 11

A priori, there’s no reason to expect that fil} y,,(¢-dRg /Z)Q would be well-behaved at all; in
particular, it’s usually not a g-deformation of the Hodge filtration ﬁlﬁdg(dRR /Z)Q . This is
closely related to the non-existence of a section of AniAlg%Hdg — AniAlgy; see Example 4.24.

However, in the following two cases everything works:

1.19. Theorem (see Theorem 4.22). — With assumptions as above, suppose that one of the
following two additional conditions is satisfied:

(a) R=DB'/J asin 1.18 and J is generated by a Koszul reqular sequence of higher powers;

that is, J = (z{*,...,z8"), where (x1,...,x,) is Koszul-reqular and co; > 2 for all i.

(b) R admits a lift to an Ei-ring spectrum Sg such that R ~ Sp ® Z.
Then the above filtration ﬁlz}Hdg(Q‘dRR/Z)?} s a q-deformation of the Hodge filtration
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Note that Theorem 1.19(b) is purely an existence condition; the choice of S doesn’t matter!
We'll show in Construction 4.28 that the p-complete filtrations fil} 114,(¢-dRg/z)p can be glued
with the combined Hodge and (¢ — 1)-adic filtration filfy,, ,_1)(dRr/z ®% Q)[g — 1] to obtain a
filtration ﬁlg_Hdg q-dRp/z on the global derived g-de Rham complex. This leads to the following
result:

1.20. Theorem (see Theorem 4.29). — Let QReg%ﬁHdg denote the category of rings R that
satisfy the conditions from 1.18(R) and such that ﬁl;,Hdg(q—dRR/Z)f, s a g-deformation of the

Hodge filtration for all primes p. Then the forgetful functor AniAlngfHdg — AniAlg, admits a

section over the full subcategory QReg%Hdg C AniAlgy.

1.21. Uniqueness of sections. — It’s natural to ask if the sections from Theorems 1.15
and 1.20 are unique. In the quasi-regular case, it will be straightforward to see that the
section we construct is terminal among all choices, and then the g-deformation condition from
Definition 1.6(b) forces it to be unique.

In the smooth case, we need to assume additionally that our ¢g-Hodge filtrations are
compatible with the morphism ¢-Qg/4 — Qg/4[q —1]/(¢ —1)" from 4.1 below, or alternatively,
that ﬁl;,Hdg(q—dRR/Z)ﬁ acquires a Z, -action compatible with the one on p-completed g¢-de
Rham cohomology (see Remark 4.5). If this additional compatibility is assumed, it will be
straightforward to see that the section we construct is initial among all choices, and thus unique
again by Definition 1.6(b).

§1.4. Organisation of this paper

In §2, we’ll recall and generalise the construction of Habiro rings of étale extensions from
[GSWZ24], and we'll relate them to the rings of ¢- Witt vectors from [Wag24]. This is a special
case of our more general results in §3, but much less technical, so it will be worthwhile to spell
out the étale case first.

In §3, we’ll prove our main Habiro descent result. This section is long and technical. It may
be helpful to read the proof of Proposition 3.7 first. At the end of §3.2, we explain how the
proof of Theorem 3.11 proceeds by generalising the arguments from the proof of Proposition 3.7.

In §4, we’ll show that despite the general non-existence result, it’s possible to construct
functorial ¢-Hodge filtrations on fairly large full subcategories of rings. Finally, there will be
two appendices: In §A, we explain the gluing argument to obtain the global ¢-de Rham complex
from the p-complete g-de Rham complex of Bhatt—Scholze. In §B, we study the completion
that appears in the Habiro ring and show that it behaves like the usual (derived) completion at
an ideal.

1.22. Notation and conventions. — Throughout the article, we freely use the language of
oo-categories, and we’ll adopt the following conventions:

(a) Graded and filtered objects. For a stable oo-category C, we let Gr(C) and Fil(Sp)
denote the oo-categories of graded and (descendingly) filtered objects in C. The shift in
graded or filtered objects will be denoted (—)(1). An object with a descending filtration is
typically denoted

Y X = (---<—ﬁ1”X<—ﬁ1"+1X<—---)

and we let gr* X denote the associated graded, given by gr™ X = cofib(il"*1 X — fil" X).
We mostly work with filtrations that are constant in degrees < 0 (such as the Hodge
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filtration). In this case we’ll abusingly write fil* X = (fil° X « fil! X « ...); this should
be interpreted as the constant fil° X-valued filtration in degrees < 0.

If C is symmetric monoidal and the tensor product — ® — commutes with colimits
in both variables, we equip Gr(C) and Fil(C) with their canonical symmetric monoidal
structures given by Day convolution. We'll use the fact that Fil(C) ~ Mody, s Gr(C),
where 1, denotes the tensor unit in Gr(C) and ¢ sits in graded degree —1; see e.g. [Rak21,
Proposition 3.2.9]. Under this equivalence, passing to the associated graded corresponds
to “modding out ¢7, i.e. the base change lgr ®uq,[1] —-

We say that fil* X is an ezhaustive filtration on X if X ~ colim,,_,_ fil" X. We say
that a filtered object fil* X is complete if 0 ~ lim,,_,, fil" X. We define the completion
fil* X = lim,_ o0 cofib(fil**™ X — fil* X). By construction, there’s a pullback square

i X — - filr X
| o

X X

WEe’ll often refer to this by saying that every filtration is the pullback of its completion.

Sometimes we also consider ascending filtrations. Ascendingly filtered objects will be
denoted fil, X = (--- — fil, X — fil,11 X — ---) and the associated graded by gr, X,
where gr, X = cofib(il" ! X — fil" X).

Animation. For an ordinary ring A, we consider the co-category of animated A-algebras
AniAlg 4, which is the oo-category freely generated under sifted colimits (in the sense of
[L-HTT, Proposition 5.5.8.15]) by the category Poly 4 of polynomial A-algebras in finitely
many variables.

We’ll often use the fact that any functor F': Poly, — D into an oo-category with
all sifted colimits can be uniquely extended to a sifted colimits preserving functor
LF: AniAlg, — D. We often call LF' the animation or the (non-abelian) derived functor
of F. The most important examples for us will be the g-de Rham complex (which is only
defined in the case where A is a A-ring) and the Hodge-filtered de Rham complex

q-2_yq: Polyy, — ﬁ(q,l) (A[g—1]) and filfy,, Qf ) Poly, — FilD(A)

(the former is only defined if A is a A-ring), whose animations we’ll denote by ¢-dR_ 4
and filfjq, dR_ /4, respectively.

Derived categories. For a ring R, we let D(R) denote the derived oco-category of
R-modules. The shift functor and its inverse in D(R) will always be denoted by ¥ and
¥~! to avoid confusion with shifts in graded or filtered objects, as we’ll frequently mix
both settings.

For an element f € R and an object M € D(R), we let

M/ f = cofib(f: M — M).

For several elements fi,..., f, € R, we let M/(f1,...,fr)=(--(M/f1)/fo---)/fr. We
warn the reader that for ordinary R-modules M, the derived quotient M/(f1,..., fr)
agrees with the usual quotient only if (f1,..., f;) is a Koszul-regular sequence on M.
Similarly, if R* is a graded ring, f € R’ is a homogeneous element of degree i, and
M* € Modgs Gr(D(Z)), we put M*/ f = cofib(f: M(i) — M) and define M*/(f1,..., fr)
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analogously. The same notation will also be used in the filtered setting, by regarding
filtered objects as graded 1¢,[t]-modules, as explained above.

Derived completions. With notation as above, we define the (derived) (f1,..., fr)-adic
completion of M as the limit

Ms,.... gy =l M/(fF - f)

taken in the derived oco-category D(R). Since the completion only depends on the ideal
I=(f1,...,fr) € R, we often just write M; (or (=)} for longer arguments). Completion
can be analogously defined in the graded or filtered setting and we’ll use the same notation
in these cases.

In the case where I = (f) is a principal ideal, the following square is always a pullback
in D(R):

—

M ——— M;
| -

1 7.1
M| —— My[5]

This will be called a fracture square. In the special case where f = N is an integer, we’ll
use the term arithmetic fracture square.

For general I = (fi,..., fr), we let Dr(R) C D(R), denote the full sub-co-category
spanned by the I-complete objects, that is, those M for which M ~ M;j. The following
fact will be used countless times: If M is (f1,..., fr)-complete, and the homology of
M/(f1,..., fr) vanishes in some degree d, then also the homology of M must vanish in
degree d. Analogous conclusions hold true in the graded and filtered settings.

Perfectly covered A-rings. We call a A-ring perfectly covered if there exists a faithfully
flat A-morphism A — A, into a perfect A-ring. Equivalently, the Adams operations
YP": A — A are all faithfully flat (see e.g. [Wag24, Remark 2.47]). This condition is
satisfied in many examples of interest; for example, it holds for Z, for any free A-ring
Z{z; | © € I}, and for any polynomial ring Z[z; | ¢ € I]| equipped with the toric A-structure
in which A"(z;) = 0 for all n > 1.

1.23. Acknowledgements. — First and foremost, I'm grateful to Peter Scholze for suggesting
this question and for his support throughout the project. I'm glad that it has paid off to
keep working on this question despite the initial upset: Four years after proving that the
g-Hodge complex isn’t functorial, we can now prove that it is. I would also like to thank Stavros
Garoufalidis, Quentin Gazda, and Campbell Wheeler for many helpful discussions on Habiro
cohomology.

This work was carried out while I was a Ph.D. student at the MPIM /University Bonn, and I

would like to thank these institutions for their hospitality. Finally, I'm grateful for the financial
support provided by the DFG through Peter Scholze’s Leibniz prize.
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§2. Habiro rings of étale extensions

Fix a perfectly covered A-ring A. The goal of this section is to construct a relative Habiro ring
Hp/a for any étale algebra R over A, and to relate this construction to the theory of ¢-Witt
vectors. In the case where A = Z, our construction H g,z recovers the ring Hp from [GSWZ24,
Definition 1.1].

As we'll see in §3, the construction of Hp/4 is a special case of a much more general
construction. However, the general case is vastly more technical, and we hope that discussing
the étale case first will make the general case easier.

§2.1. A general descent principle

To construct Hp,4, we'll first construct the completions (Hgp / A)gm (@) for all m € N and then
“glue them together” using a very general descent principle that we’ll explain in this subsection.

It will probably seem a little overkill for now, but we’ll use the same descent principle again in
(m)

§3.3 to construct the twisted g-de Rham complexes ¢-dR A"

2.1. Setup. — Let Z be a site whose underlying category is a partially ordered set. Let D be
a presentable stable symmetric monoidal co-category. Suppose that for every Z € 7 we have a
full stable sub-oco-category Dy satisfying the following conditions:

(a) The inclusion Dz C D admits a left adjoint Lyz: D — Dy.

(b) Whenever Z; — Z3 is a morphism in Z, we have Dz, C Dy,. Note that Lz, : Dz, — Dy,
is still a left adjoint of this inclusion.

(¢) Forall z,y € Dand all Z € Z, the canonical morphism Lz(z®y) — Lz(Lz(z)®vy) is an
equivalence in D.

In this case, sending Z +— Dy and (Zy — Z3) — (Lgz,: Dz, — Dy, ) defines a contravariant
functor
D(_y: I — CAlg(Pr})

into the oo-category of presentable stable symmetric monoidal oco-categories. Indeed, let’s
ignore the symmetric monoidal structure for the moment and let Dz C Z x D be the full
sub-oo-category spanned fibrewise by D, C {Z} x D. By (b), Dz — T is still a cocartesian
fibration and so it defines a covariant functor D(_y: T — Catoo. By (a), this functor factors
through Pr. Using PrL ~ (Pr})°P by [L-HTT, Corollary 5.5.3.4], we get the desired functor
Dy: 1% — Prk.

To incorporate the symmetric monoidal structure, let D be the co-operad D® associated to
the given symmetric monoidal structure on D. By (¢) and [L-HA, Proposition 2.2.1.9], for all
Z € I, the inclusion of the full sub-oco-operad D? C D9 spanned by Dz admits a symmetric
monoidal left adjoint L?: D¥ — D? which recovers Lz on underlying co-categories. Using this
observation, the same argument as above can be repeated with D replaced by D¥.

2.2. Lemma. — In the situation of 2.1, assume that covers in I always have finite refinements
and that for any finite covering family {Z; — Z}i=1,... r, the functors Ly, : Dz — Dy, are jointly
conservative. Then

D(_y: I — CAlg(Pr})

is a sheaf on I. In particular, CAlg(D_)): I — Prl is a sheaf as well.
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Proof sketch. Everything can be checked on the level of underlying co-categories, so we can
disregard the symmetric monoidal structure (but it was still essential to include the symmetric
monoidal structure in the construction). By assumption, it’s enough to check the sheaf property
for a finite cover {Z; — Z}i=1,..». If Zo denotes its Cech nerve, we need to show Dy ~ lima Dy, .
Since 7 is a partially ordered set, we have Z; x z Z; = Z; for all i. It follows that the cosimplicial
limit can be simplified to a limit indexed by the set _I" := P({1,...,r}) \ {0} of non-empty
subsets of {1,...,r}, partially ordered by inclusion. Therefore, we must show

Dz =~ fim Dzs.

where we put Zg = Z;, Xz X - - - X z Z;, for every non-empty subset S = {ip,..., i} C {1,...,7r}.
To prove that Dz — limge r Dz, is fully faithful, we have to show that

Homp, (z,y) — Homp, (Lzs(z), Lzs(y))

is an equivalence for all ,y € Dz. Rewriting Homp, (Lzg(z), Lzs(y)) ~ Homp(z, Lz4(y)),
this reduces to showing that y — limge ;» Lz, (y) is an equivalence. This can be checked
after applying the jointly conservative functors Lz, : Dz — Dgz,. After applying Lz, each
Lz4(y) = Lzg,;, becomes an equivalence. This easily implies Lz, (y) ~ limge r Lz,(Lz4(y))
(for example, by the dual of [L-HA, Lemma 1.2.4.15]). Since Ly, preserves finite limits, this
shows that y — limge r Lz, (y) is an equivalence after applying Lz,, and so fully faithfulness
follows. The same argument shows essential surjectivity. O

2.3. Remark. — The quintessential example for Lemma 2.2 is the case where R is some ring,
D :=D(R) and Z is the partially ordered set of closed subsets Z C Spec R with quasi-compact
complement. Every such Z is the vanishing set of a finitely generated ideal I and we define
Dy = ﬁI(R); note that this only depends on Z, not on the choice of I. The functors Ly = (—)]
clearly satisfy the conditions from 2.1, and the condition from Lemma 2.2 is easily checked (see

e.g. [Wag24, Lemma 2.4]). Hence the descent from Lemma 2.2 is applicable.

In the case that we're actually interested in, the descent diagram simplifies considerably; in
particular, no coherence data needs to be provided!

2.4. Corollary. — Let m € N. Suppose we’re given the following data:
(a) For all divisors d | m, a derived ®4(q)-complete Es-Alq]|-algebra Ey.

(b)  For all divisors pd | m, where p is a prime, an equivalence of Ex-A[q]-algebras
ha: (Epa)y — (Ea)j -

Then there exists a unique (¢"™ — 1)-complete E-Alq]-algebra E together with equivalences

By~ E‘/I;d(q) for all d | m such that hg becomes identified with the identity on E(A(bd(q)’q)pd(q)).

Proof. The idea is to apply descent for R = A[q] and the cover V(¢™ — 1) = Uy, V(®a(q))-
The simplifications come from the observation that many intersections are empty; see [Wag24,
Lemma 2.1] for example.

For a precise argument, let 7" be the set of positive divisors of m and let T := P(T) \ {(}
denote the set of non-empty subsets of T', partially ordered by inclusion. For every S C T', put

~

DS = D(%(q) ‘ dES) (A[q]) Then Lemma 2.2 implies

Dign-1)(A[q]) ~ Jim Ds.
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For every pair (d,p), where d | m is a divisor of m and p is a prime such that p t d, we let
Tap={d,pd,..., p”P(m)d} C T(m) and write _17¢» C _I" for the corresponding sub-partially
ordered set. By [Wag24, Lemma 2.1], we have Dg ~ 0 if S ¢ Udp “JTa.p, By inspection, this
means that 13( y: T — CAlg(PrL) is right-Kan extended from |J dp JTap C T, Furthermore,
if S C S are elements of _IT¢» such that |S| > 2, then the same result tells us that the
corresponding morphism S — S’ is sent to the identity, as both DS and DS/ agree with the full
sub-oo-category

Dp.aa(a) (Ala]) € D(Alg]) .

Again, by inspection, this means that D yU dp Tar — CAlg(PrL) is right-Kan extended from
PCl dp “[Ta.p where P denotes the sub partlally ordered set spanned by Ty ), € | dp " |Ta,p(m)
for all d, p (note that this includes all subsets of the form {d}, where d is a divisor of m, as
{d} = Ty if ¢ is any prime not dividing m). In total, this implies Zs(qm_l)(A[q]) ~ limgep Dy
and thus

CAlg(Dign1)(Alql) ) = lim CAlg(Ds).

After unravelling of definitions, an object in the limit on the right-hand side is precisely given
by the data (a) and (b). O

2.5. Remark. — In Corollary 2.4, we've glued E from its ®4(q)-completions Egd(q) ~ F, for
all d | m. But E can also be glued from from the completed localisation E[1/ m](Aqul) and the

completions E( m_1) for all primes p | m via the usual arithmetic fracture square (see 1.22).
For later use, let us explain how to extract the latter from the former: If m = p®n, where n is
coprime to p, then

qm—l H Eq L and E(p,qmq) ~ H(Epid);; for any 0 < i < av.
dim dln

For the equivalence on the left, just observe that the factors in (¢ — 1) =[], ®a(q) become
coprime as soon as m is invertible. For the equivalence on the right, observe that after p-
completion the f-adic gluings for £ # p become vacuous, so the only gluing that happens is
along (Eq)p ~ (Epd)p ~ -+ ~ (Epag)p foralld | n

2.6. Remark. — Corollary 2.4 remains true if we replace E.-A[g]-algebras by derived
commutative A[g]-algebras in the sense of [Rak21, Example 4.3.1]. The proof is entirely
analogous.

§2.2. Habiro rings of étale extensions

In the following, we fix a perfectly covered A-ring A as before.

2.7. Relative Habiro rings. — Let R be an étale A-algebra. For all primes p, the pth
Adams operation ¥*: A — A can be uniquely extended to a Frobenius lift ¢,,: R, — R,. Let
us denote by

bpa: (Bp®ayr A)) — R,

the linearised Frobenius. It is an equivalence as indicated. Indeed, this can be checked modulo
p, where it becomes classical; see [Stacks, Tag 0EBS]. We also remark that A being perfectly
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covered implies that A is p-torsion free (because this is true for the perfect A-ring A ), and so
all p-completions above are static.

For all m € N, let us now define a (¢™ — 1)-complete En.-A[q]-algebra Hp/4 ,, via Corol-
lary 2.4: For every d | m, let By = (R®4 ya A) [q]gd(q) and for every pd | m, where p is a prime,
let the gluing equivalence hq be the A[g]-linear map induced by ¢, JA-

For all d | m, Corollary 2.4 provides a preferred equivalence Hr/a g ~ (Hp/a,m) . In

(¢9-1)
particular, we get maps Hp/a,m — Hg/a,4- The Habiro ring of R relative to A is then defined

as the limit(Z1

=1 .
HR/A Jim HR/A,m

2.8. Remark. — If we were to construct R[Q](Aqm,l) using Corollary 2.4, we would take
E; = R[q]fpd(q), together with the identity maps on R[q]?py 4(0)) (instead of ¢,/4) as gluing
equivalences. Thus, there’s no reason to expect that Hpg 4, ~ R[q]?qm_l), unless R itself

(rather than only its p-completions) admits Frobenius lifts for all prime factors p | m. In the
case A =7, a precise obstruction of this kind is shown in [Wag24, Corollary 2.52].

We can now formulate the relation between Hp,4 and ¢-Witt vectors relative to A. To
this end, recall from [Wag24, Proposition 2.48] that ¢-W,,(R/A) is an étale algebra over
¢-Win(A/A) = Algl/(¢"™ = 1).

2.9. Theorem. — Let A be a perfectly covered A-ring, R an A-algebra, and m € N. Then

Hrjam/ (@™ = 1) ~ ¢-Win(R/A).

In fact, Hpa,m is the unique lift of the étale Alq]/(q™ — 1)-algebra ¢-Wp,(R/A) to a (¢™ —1)-
complete Eoo-algebra over A[q](Aqmil). In particular, Hp/a,m is an ordinary ring for all m € N,
and the same is true for the relative Habiro ring Hp /4.

Proof. Let, temporarily, W denote the unique lift of ¢-W,,,(R/A) to a (¢"™ — 1)-complete E-
algebra over A[q](Aq"_l). If p is prime and pd | m, then the ghost maps for the usual Witt
vectors W, (A/p) and W, (R/p) satisfy gh,,, 4(z) = gh,,, pq(2)P. It follows that the ghost maps

for relative ¢-Witt vectors fit into a commutative diagram

(R @yt A)[a)/@pala) < W, (RIA) 2700 (R@y ya A)la]/Balq)
(R/p®ap.ywa A/P)[a]/Ppalq) (R/p®asppi Alp)[4l/®alq)

RO\ pedantic remark: To even write down this limit, we need to assemble the maps Hr/a,m — Hr 4,4 into a
functor Hgra,(—y: N — CAlgD(A[q]), where N denotes the category of natural numbers partially ordered by
divisibility. With a little more effort, this functoriality can be squeezed out of Corollary 2.4. Alternatively, we
can take the limit over the sequential subdiagram {n!},>1, where the existence of maps is enough. Or we could
use Theorem 2.9 to realise that we’re working with ordinary rings, so there are no higher coherences to check
and functoriality can be obtained by hand.
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where the bottom horizontal map is induced by the relative Frobenius R/p®4p, (—y» A/p — R/p.
After passing to unique deformations of étale algebras everywhere, we obtain a similar diagram

(R ®A,¢Pd A) [Q] <Appd(q) w (R ®A,wd A) [Q]gd(q)
(By @a,y0 )l 0,001 (By @00 A) (4l 0,(0)

where the bottom horizontal map is induced by ¢,,/4 from 2.7. By construction of Hg/4 y,, this
yields an Eo.-A[g]-algebra map W — Hp 4 ,,- As both sides are (¢ — 1)-complete, whether
this is an equivalence can be checked modulo ®4(q) for all d | m. By [Wag24, Corollary 2.51]
and 2.7,

W/®a(q) ~ R®y ya Alq]/Pa(q) ~ Hrja,m/®Pd -

As the equivalence on the left is induced via the ghost map gh,, 4, it is apparent from our
construction that W/®4(q) — Hp/a,m/®Pa(q) is given by the chain of equivalences above. This
finishes the proof that Hp 4, is the unique deformation of ¢-W,(R/A).

Since Hr/a,m is (¢™ — 1)-complete and becomes static modulo p, we see that HR/A,m must
be static as well. Therefore it is an ordinary ring. To conclude the same for Hp,4, we've seen
above that Hp/4/Pm(q) is static for all m € N. Then Corollary B.4 can be applied. O

2.10. Remark. — By tracing through the proof of Theorem 2.9 and checking on ghost
coordinates, we see that the maps Hgr/a,m — Hprjaq from 2.7 deform the ¢-Witt vector
Frobenii F,;,/q: ¢-Wp,(R/A) — ¢-W4(RR/A). Then the construction of Hp/4 is reminiscent of
the construction of A, from [BMS18, Lemma 3.2].

In [GSWZ24, Definition 1.1], the Habiro ring of a number field is defined in terms of power
series in ¢—(, for ¢ ranging through roots of unity. We’ll now give a similar hands-on description
of Hr/a. This will imply that our construction recovers the one from [GSWZ24].

2.11. p-adic reexpansions around roots of unity. — In the following, we choose a system
of roots of unity ((m)men in such a way that

Cmn = CmGp if (m7n) =1 and Cpo‘ = <£a+l .

One possible choice would be (,, = Hp e2mi/P?™ " The conditions above are also required
in [GSWZ24, §1.2] and they ensure vp({m — (mp) > 0 whenever p is prime, so that after
p-completion, any power series in (¢ — () can be reexpanded as power series in (¢ — (pm). In
other words, there’s a canonical zigzag

Z[gm] [[q - CM]] - Zp[Cpm] [[q - Cm]] = Zp[(pma Q](Aq_cm,q_gpm) — Z[Cpm] [[q - Cpm]] )

In the situation we're interested in, we get a similar zigzag

(R XA, pm A) [Cm] [[q - Cmﬂ — (Ep ®A,pm A); [Cpm] [[q - Cmﬂ M (R ® A yppm A) [Cpm] [[q - Cpm]]

where the map on the right is induced by the relative Frobenius ¢,/ 4 from 2.7, followed by a
reexpansion of power series as above. We’ll call the map on the left the canonical map and the
map on the right the Frobenius.
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2.12. Lemma. — The ring Hp s agrees with following equaliser (which can be taken both in
E-Alq]-algebras or in ordinary Alq]-algebras):

Hp/a ~ eq (H(R @aum Amlla — Cnl = IRy ®a,ym A)) [Gomlla — Cm]]) :

m b/a p,m
Here can and ¢4 are the canonical maps and Frobenius maps described in 2.11.

Proof. Let, temporarily, E' denote the derived equaliser. By construction, Hg,4 can be written
as a similar equaliser, with (R ®4,4m A)[Gn]lg — Gn] replaced by (R ®a, ym A)[q]gm(q). We
clearly get a map of underived equalisers, hence a map Hp 4 — mo(F) as Hp /4 1s static. Since
the derived equaliser E is coconnective, this yields a map Hr/4 — E as well. Since both sides
are Habiro-complete in the sense of B.1, whether this map is an equivalence can be checked

after (—), for all primes ¢ and after (— ®z, @>2’d(q) for all d € N.

Proof after (-completion. After (=), , all factors in E with p # ¢ die, and the surviving
Frobenii ¢y, 4 become equivalences. Similarly, in Hpg/4, all p-adic gluings for p # ¢ vanish, and
the f-adic gluings become equivalences. It follows that after ¢-completion, the map has the form

H (Re ®4,ym A), [0, — H (Re ®4.ym A} [Cmllg = ¢ml
(m,0)=1 (m,0)=1

A

So it will be enough to show that Z[q| (0.Bm(q) — Le [Gm]lg — ¢m] is an equivalence whenever
(m,f) = 1. This can be checked modulo (¢,®,,(q)). The left-hand side clearly becomes
Folq]/®m(q) ~ Fy() since the cyclotomic polynomial ®,,(q) is irreducible in Fy[q] if (m, £) = 1.
Moreover, ®,,(q) has distinct roots in Fy, and so ®,,,(q)/(q— () will be a unit in Fy (¢ )[q— G-
It follows that Z¢[(nllg — ]/ (€, P (q)) ~ Fe(¢n) as well. This concludes the argument after
{-completion.

Proof after ®4(q)-completed rationalisation. By 2.7, the ®4(q)-completion of Hp, 4 is
(R®4, g A)[q]gd(q) and so

(Mr/a®2Q)y, ) = (R®a 0 A) @2 Q)laly, () ~ (R®aya A) @2 QGm))lg — Gm] -

q)

Here we use that Q[q]gd(q) — Q(¢m)[g — ¢m] is an equivalence. Indeed, this can be checked
modulo ®,,(q). Since ®,,(q) is irreducible and has distinct roots in Q, the same argument as
above shows that both sides become Q((,,) modulo ®,,(q), as desired.

Let’s compute E%(q) next. Since (R®a,ym A)[¢n]lg — (m] is ®m(q)-complete, it’ll vanish
upon ®,4(q)-completion unless m/d is a prime power (possibly with negative exponent). More-
over, if m/d = p® is a power of p, then the ®,4(g)-completion of (R ®a,ym A)[¢m]lg — (m] will
also be p-complete, unless a = 0. It follows that all surviving Frobenii will become equivalences,
except if their source is (R®a,ym A)[Ca]lg — ¢a]-

For all primes p, let oy, := v,(d) and write d = p®»d,. By massaging the limit using our

~

observations so far, we find that Fg ) sits inside a pullback diagram

E%(q) (R®4,pa A)[Callg — Cal
J _ J(qﬁZfA)p
[y ®4 00 A [6a,Mla = Ca, ] —— [] (B ® 4 0 A)) [Calla = Ca,]
p

p
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§2.2. HABIRO RINGS OF ETALE EXTENSIONS

Observe that the bottom horizontal arrow is a split injection on underlying Z[¢]|-modules,
because in each factor Z[(y,] — Z[(4] is a split injection of abelian groups. However, as we've

seen above, Q[q]gd @ = Q(¢a)[g — ¢4]) contains (4. Thus the bottom horizontal arrow becomes

an equivalence after (— ®z Q)(’I\)d (@ 1t follows that

(E ®z Q)%d(q) =~ ((R ®A,1/)‘i A) Xz Q[Cm]) [[q - Cm]] :
Thus Hpr/4 — E also becomes an equivalence after (— ®z Q)%d(q). O

2.13. Corollary. — If F is a number field with discriminant A and R := Op[1/A], then
Hpyz agrees with the Habiro ring Hr defined in [GSWZ2/, Definition 1.1].

Proof. This follows immediately from Lemma 2.12. O

2.14. Remark. — In the special case where R = Z, we obtain the following presentation of
the ordinary Habiro ring;:

H ~eq (HZ[Cm][[q - Cm]] % H ZP[CPm][[q - Cm]]) .

b/z pm

Here ¢z is just given by the reexpansion morphisms Z[Cpm][q — Cpm] — Zp[Cpm]lg — Cm] for
all p and all m. This gives precise meaning to the intuition that H is the “ring of power series
that can be Taylor-expanded around each root of unity”. Whenever two such expansions can
be compared p-adically, they must coincide.
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§3. HABIRO DESCENT FOR ¢-HODGE COMPLEXES

§3. Habiro descent for g-Hodge complexes

In this section, we’ll show that in those situations where a well-behaved derived ¢-Hodge
complex can be defined, it descends automatically to the Habiro ring, and furthermore a derived
analogue of the comparison with ¢-de Rham—Witt complexes holds true.

Throughout this section, we fix a perfectly covered A-ring A.

3.1. Convention. — In the following we’ll consider filtered modules over the filtered ring
(¢"™ — 1)*A[q] for various m. For such a filtered module fil* M, we always let fil* M /(¢™ — 1)
denote the base change

1" M/ (g™ = 1) = fiI" M @{fym_1)e afq A

in filtered objects, or in other words, the quotient by (¢ — 1) sitting in filtration degree 1, not
filtration degree 0. In particular, the n*® filtered piece of the quotient fil* M/(¢™ — 1) will be

cofib((¢™ — 1): il" ' M — £iI" M)

§3.1. g-Hodge filtrations and the g-Hodge complex

Let us start by introducing an appropriate oco-category of A-algebras equipped with a well-
behaved ¢-deformation of the Hodge filtration. Since Definition 3.2 below is a bit of a mess,
let us informally summarise the key points first: In addition to the obvious ¢-deformation
condition (b), we also wish the filtration to be compatible with the rational equivalence

(¢-dRp/a @2 Q) (, 4y > (ARr/a ®% Qg 11,

which leads to condition (c¢). For technical reasons, we also need to require the same for the
rationalisations of the p-completed (¢-)de Rham complexes, which is why we have to include
condition (¢,) below. These conditions need to satisfy some obvious compatibilities; recording
those, we end up with the following slightly messy definition:

3.2. Definition (¢-Hodge filtrations). — Let R be an animated A-algebra. A g-Hodge
filtration on q-dRp/4 is a filtered (¢ — 1)* A[g]-module

fil} fag ¢-dRR/4 =~ (ﬁlg—Hdg q-dRp 4 — fil gy ¢-dRp/a — A7 14, ¢-dRpa < - ) ;

equipped with the following data and compatibilities3-1):

(a) An equivalence of A[g]-modules ¢-dRp JA ﬁlg_Hdg q¢-dRpg/4. In other words, we require
that ﬁl;,Hdg q-dRp/4 defines a descending filtration on the derived g-de Rham complex.

(b) An equivalence of filtered A-modules

¢lg-1): il 1ag ¢-dRR/a/ (¢ — 1) — filfjg, dRp/a

which in filtered degrees < 0 agrees with the usual equivalence ¢-dRg/4/(¢ — 1) ~ dRg/4
under the identification from (a). In other words, the filtration fil] 14, ¢-dRp/a has to be
a (¢ — 1)-deformation of the Hodge filtration.

3-DSince we're working with oco-categories, each compatibility is again a datum that needs to be provided.
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§3.1. ¢-HODGE FILTRATIONS AND THE ¢-HODGE COMPLEX

An equivalence of filtered (¢ — 1)*(A ® Q)[¢]-modules
et (Bl ag 4-ARra ®F Q) 1) — Gliiag 1) (Rpa ®Z Q)lg 11

where ﬁl’(Hdg 4—1) denotes the (¢ — 1)-completed tensor product of the Hodge filtration on
dRp/4 and the 8q — 1)-adic filtration on Qg — 1]; in the following, we’ll often call this the
combined Hodge and (q¢—1)-adic filtration. In addition, we require that cg agrees in filtered
degrees < 0 with the usual equivalence (¢-dRp/4 ®% @)E\q—l) ~ (dRg/4 ®%Q)[g — 1] under
the identification from (a), and that cg and c(,_1) from (b) fit into a commutative diagram

~

fil7 tag ¢-dRRr/a 17 1ag 4-dRrya/(q = 1) —5 = filfag ARR/a

| |

(1} 145 ¢-dR R4 ®F Q) (Aq_l) " il{Hag,q—1) (AR R A ®% Q)[q — 1] — filfig, dRp/a ®7 Q

which again must agree in filtered degrees < 0 with the corresponding unfiltered diagram
under the identification from (a).

For every prime p, an equivalence of filtered (¢ — 1)*;1\]3[1 /pllg — 1]-modules

A

cgy + fily ag (0-ARR/a), [ (1) — l{nag 1) (ARR/4),, []1g = 11

which is required to agree in filtered degrees < 0 agrees with the usual equivalence
(¢-dRg/a)p [1/p]€q71) ~ (dRp/a)p[1/pllg — 1] under the identification from (a). In addi-
tion, we require that cg and cg, are compatible in form of a commutative diagram

(fil} g ¢-dR /4 ®F Q) (Aq—l) o g g1 (Rr/a €2 Q)la — 1]

| |

ﬁl;—Hdg (q‘dRR/A>; [%](Aqq) cgp i ﬁlfHdg,q—n(dRR/A); [%][[q —1]

which in filtered degrees < 0 must agree with the usual compatibility under the identifica-
tion from (a), and that ¢,_;) and cg, fit into a commutative diagram

fil} Hag (Q‘dRR/A); ——— fil] yqg (Q‘dRR/A); /(g —1) T:)’ filf1aq (dRR/A);

| |

15 w10 (R e/a), [5] 0,1y o Wllnag.g—1) (ARrya),, [5]1a — 1] — flfiag (ARR/a), [ 5]

which must agree in filtered degrees < 0 with the corresponding unfiltered diagram under
the identification from (a). Finally, we require that this diagram is compatible with the
diagram from (c) under the previous diagram relating cg and cq,, and that in filtered
degrees < 0 this compatibility agrees with the usual compatibility under the identification
from (a).

We let AniAng{Hdg denote the oo-category of pairs (R, fil] yq, ¢-dRp/4), where R is an animated
A-algebra and ﬁl;ﬁHdg q-dRp/4 is a g-Hodge filtration on ¢-dRp/4. Formally, the co-category

AniAlgi{;Hdg can be expressed as an iterated pullback of AniAlg, and several co-categories of
filtered modules; this is straightforward, but not very enlightening, so we omit the details.
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§3. HABIRO DESCENT FOR ¢-HODGE COMPLEXES

It is natural to ask whether ¢-Hodge filtrations can be chosen functorially. Surprisingly, this
turns out to be false.

3.3. Lemma. — If A is not a Q-algebra, then the forgetful functor AniAngA_Hdg — AniAlg 4
s not essentially surjective. In particular, it has no section, not even when restricted to the full
subcategory Smy C AniAlg 4 of smooth A-algebras.

Proof sketch. As far as the author is aware, this result hasn’t been published, but the objection
is known among the experts in the field.

Let p be a prime such that ﬁp #£ 0. Let Ep{w}oo be the free p-complete perfect §-ring on a
generator . We'll show that the g-de Rham complex of R = //l\p{x}oo/x admits no ¢-Hodge
filtration. Suppose it does. Note that (¢-dRpg, 4)p is given by the prismatic envelope

¢(z) }A

[p]q (p,q—1) .

In particular, it is static. Since the Hodge filtration filfg,(dRp/a)p is just the divided
power filtration of the PD-envelope (dRp/a)p =~ D3 (s}, (2), Definition 3.2(b) implies that
fil} Hag(q-dRg/ 4)p must also be a descending chain of submodules of (¢-dRp / 4)p - Moreover, we
see that ﬁlg_Hdg(q—dRR/A)g must contain an element 7, (x) such that 5,(z) = 2P /p mod (¢—1).
Using Definition 3.2(c,), we see that 7, must also be contained in the ideal (x,q — 1)? after
completed rationalisation. But it is straightforward to check that the prismatic envelope above
doesn’t contain any 7,(x) with these properties (for the details, see Example 4.24 below).

(a-dRpya)) =~ Ap{a}ocla - 1]]{

This shows that AmiAng‘_Hdg — AniAlg 4 is not essentially surjective. Hence it can’t have
a section, not even over Smy C AniAlg,4, because we could always animate to extend such a
section to all of AniAlg,. O

3.4. Remark. — Despite the general non-existence, it’s possible to construct many interesting
objects of the co-category AniAlgf{{Hdg, and the forgetful functor AniA]g?&Hdg — AniAlg 4 does
admit sections when restricted to certain full subcategories of AniAlg,. We’ll discuss several

such examples in §4.
In the remainder of this subsection, we’ll study the following objects:

3.5. g-Hodge complexes. — Given a ¢-Hodge filtration fil* g-dR p /4 for R over A, we can
construct the g-Hodge complex as

. (a=1) (a=1) "
G-HAG(R 12 40)/4 = col1m(ﬁ12_Hdg g-dRpy ~—> fil] yqg ¢-dRp/a — -~)(q_1)-

If the ¢-Hodge filtration is clear from the context, we usually just write ¢-Hdgp e

3.6. Remark. — In the above we’ve used the derived ¢-de Rham complex since many
of our examples later on will be outside of the smooth case. But note that even if R = S
is smooth over A, the underived ¢g-de Rham complex ¢g-{2g/4 usually doesn’t agree with the
derived g-de Rham complex g-dRg/4, because Qg /A and dRg/4 usually differ in characteristic 0.
But this is not a problem. If we’re given a filtration ﬁl;,Hdg q-$2g/4 that satisfies the obvious
analogues of Definition 3.2(a)—(c,), then its pullback along the canonical map ¢-dRg /4 — q-S25/4
yields a filtration ﬁlg—Hdg q-dRpg/4 as in Definition 3.2. Indeed, this follows from the fact that
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§3.1. ¢-HODGE FILTRATIONS AND THE ¢-HODGE COMPLEX

0% A~ (TP\{S/ 4 always agrees with the Hodge-completed derived de Rham complex and the fact
that any filtration is the pullback of its completion (see 1.22).

Conversely, we’ll show in Proposition 3.47 that for any (.S, ﬁlq g ¢-dRss/ 4) € AniAlg? Hde
such that S is smooth over A, we have an equivalence

q-S2s/a ~ q-dRg/a

of the underived ¢-de Rham complex and the ¢g-Hodge completed derived ¢-de Rham complex.
Finally, let us remark that in the definition of the g-Hodge complex it doesn’t matter whether we
use ﬁlq tdg -dRR/4 or its completlon ﬁlq tdg -dR R/, since every element in ﬁlq tdg AR R4
becomes divisible by (¢ — 1)! in ¢-Hdgp /4 and the ¢-Hodge complex is (¢ — 1)-complete.

3.7. Proposition. — AniAlg? Hde o dmits a canonical symmetric monoidal structure. The
tensor product of two objects (Ry, fil} g, ¢-dRp, /4) and (Ra, filj yay ¢-dRp, /) is given by

(R]- ®% RQ’ (ﬁlg—Hdg q_dRRl/A ®%q—1)*A[q] ﬁl;—Hdg q_dRRz/A)E\qfl)) )

where in the second component we take the derived tensor as filtered modules over the filtered
ring (¢ — 1)*Alq]. Furthermore, the functor

. -Hd S
¢-Hdg_,,: AniAlg’ ™ — Dy-1)(Alq])
can be equipped with a canonical symmetric monoidal structure.

To prove Proposition 3.7, let us first construct a filtration on ¢-Hdg_,4/(q —1).
3.8. The conjugate filtration. — Let (R, fil} jjq, ¢-dRR/4) be an object in AniAlg? Hdg
Let’s consider the localisation of the filtered (¢ — 1)*A[g]-module fil 14, g-dRp/4 at (g — 1):

. (¢=1) oo (¢-1)
i1} 105 -dR g a[ 77| ~ colim (ﬁl;_Hdg ¢-dRpya 5 AL g-dRppa s ) :

Upon completing the filtration, this filtered object becomes the (¢ — 1)-adic filtration on the
g-Hodge complex ¢-Hdgp /4.

Before taking the colimit, the diagram above can be regarded as a bifiltered object, with
one ascending (“horizontal”) filtration, given by the steps in the colimit, and one descending
(“vertical”) filtration, given by the filtrations on each step ﬁlﬁﬁg q-dRp/4. If we pass to the

associated graded in the vertical direction, we obtain

(g—-1) (g—1)
q-Hdgp/a/(q—1) ~ C011m<g1"q Hdg ¢-ARR/A RN 8T, pag ¢-dRp/a — ) :

This representation as a colimit defines an exhaustive ascending filtration on ¢-Hdgg /4 /(g —1),
which we define to be the conjugate filtration ﬁlionj(q—Hng/A/(q —1)).

3.9. Lemma. — The associated graded of the conjugate filtration filS°™ q-Hdgp/a/(q—1) is
given by

8T, COHJ (q Hng/A/(q - 1)) _*dR‘;{/A &~ grl*{dg dRR/A .
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§3. HABIRO DESCENT FOR ¢-HODGE COMPLEXES

Proof. To avoid ambiguous notation, let us identify the filtered ring (¢ — 1)*A[g] with the
graded ring A[B,t], where |3| = 1, |t| = —1, and Bt = ¢ — 1.3?) The filtered structure on
A[B,t] comes from the A[t]-module structure (see 1.22), so ¢t can be regarded as the filtration
parameter and § can be regarded as the element “(¢ — 1) sitting in degree 1”. If we regard
fil} pag ¢-dRR/4 as a graded A[S, t]-module, then

fil} jag ¢-dRRya/B ~ filjjq, dRp/a  and  fil} g, ¢-dRp/a/t ~ gr] jag ¢-dRR/4

as graded A[t]- or A[S]-modules, respectively. The first equivalence follows from Defini-
tion 3.2(b), the second follows because modding out ¢ is the same as taking the associated
graded (see 1.22). Hence also

A1} fag a-dRpya/(8,t) ~ erfiqg ARp/a

as filtered A-modules. Finally, by construction, we can identify ¢-Hdgg/s/(q¢ — 1) with

(il Hag ¢-dRR/A ®i[ﬁ] A[B*])o/(Bt), where (—)o denotes the restriction of a graded object to
its degree-0 part. Then the desired assertion follows from Lemma 3.10 below. O

3.10. Lemma. — Let M* be a graded module over the graded ring A[j,t], where |5| = 1,
[t| = —1. Then (M* ®h[ﬁ] A[BE))o/(Bt) admits a canonical exhaustive ascending filtration

whose associated graded is M*/(5,1).

Proof. We formally get (M* ®A A[BE )0/ (Bt) ~ (M*/t@i[m A[BF])o. Let B~*A[3] denote
the ascendingly filtered graded rlng

A8 = (- = A1) 5 A[B1(0) 2 AB)(-1) - ),

where A[S](i) denotes the shift of the graded object A[S] by i (to account for the fact that
multiplication by /3 shifts degrees). The colimit of this filtration is colim 3~*A[A] ~ A[B*!].
Hence (M*/t@hﬂ]ﬁf*A[ﬂ])o defines an exhaustive ascending filtration on (M*/t@A A[B])o
(by inspection, this is also precisely how the conjugate filtration from 3.8 arlses) Slnce the
associated graded of 37*A[S] is @,z A(—1), the associated graded of the filtration we've just
constructed is indeed

(@1 A-i)) = (@M /(5.00-0)) = /(5.0 -

€L €L

Proof of Proposition 3.7. AniAlg? Hde can be written as an iterated pullback of symmetric
monoidal co-categories along symmetric monoidal functors, so there’s a canonical way to equip
it with a symmetric monoidal structure itself. The forgetful functors

AniAlg ™8 — AniAlg, and AniAlgh™® — Mod(, 1y aqq (FilD(A))[,

will then be symmetric monoidal, which shows the formula for tensor products.
To construct a symmetric monoidal structure on ¢g-Hdg_ 4, we use 3.8. Since localising is

symmetric monoidal and passing to the O filtration step is lax symmetric monoidal, we get

321y [Wag25] we'll recognise (¢ — 1)*Z[q — 1] = Z[B][t] = m2s (kuhsl)7 where 8 € ma2(ku) is the Bott element

and t € ﬁ_z(kuhsl) is a suitable complex orientation.
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a lax symmetric monoidal structure on g-Hdg_ 4. Strict symmetric monoidality can then be
checked modulo (¢ — 1) because the values of g-Hdg_ /A are (¢ — 1)-complete.

From the proof of Lemma 3.10 above, it is clear that fil{*™ (q—Hdg_/A/(q—l)) can be equipped
with a lax symmetric monoidal structure compatible with the one on g-Hdg_ 4 /(¢—1) (modding
out t or B as well as — ®i[ﬁ] f~*A[B] are symmetric monoidal and (—)p is lax symmetric
monoidal). Furthermore the equivalence

grs™ (¢-Hdg_/a/(q — 1)) =~ grijag dR_)a

is an equivalence of lax symmetric monoidal functors. Strict symmetric monoidality of
fil;" (g-Hdg_/4/(q¢ — 1)) can now be checked on the associated graded, so we win since it’s
well-known that grl”‘{dg dR_ /4 is symmetric monoidal. O

§3.2. The main result

We can now state the general Habiro descent result. We let ¢-W,,,2* /A denote the m-truncated

g-de Rham Witt complex from [Wag24, Definition 3.12] and ¢-W,,dR_,4: AniAlg, — D(A[q])
its non-abelian derived functor.

3.11. Theorem. — Let A be a perfectly covered A-ring and AniAlging be the oco-category
of animated A-algebras equipped with a q-Hodge filtration on their q-de Rham complez.

(a) Let Dy(A[q]) € D(A[q]) denote the full sub-co-category of Habiro-complete objects (in
the sense of B.1). Then the q-Hodge complex functor admits a symmetric monoidal
factorisation

Du(Alq])

gHdg_ja -7 .
T J(*)@—l)

. A7.g-Hd S
1AHhAlgi]4 & 4q,Hdg*>_/A D(q—l) (A[q])
(b) Forallm €N, the quotient ¢-Hdg_,4/(¢™ — 1) admits an exhaustive ascending filtration
ﬁlz’WmQ(q—Hdg_/A/(qm — 1)) with associated graded

grd m (g-Hdg_sa/(¢" — 1)) ~ N7 ¢-W,ndR? .

Furthermore, 817V % (¢-Hdg /4/(@™ —1)) can be equipped with a canonical lax symmetric
monoidal structure compatible with the one on qg-Hdg_,4/(¢™ — 1), and the equivalence
above is an equivalence of lax symmetric monoidal functors.

3.12. Example. — If S is a smooth over A and O: A[z1,...,2,] — S is an étale framing,
then we can define a filtration on the coordinate-dependent g-de Rham complex ¢-2% /A via

max{n—s=,0}

A15 Hag,0 0 a0 = (= 1) -4 0-

(compare the construction in 1.10). As explained in Remark 3.6, we can take the pullback along
q-dRg/4 — q—Qg/A’D to get a filtration ﬁl;_Hdgﬂ q-dRg/4 on the derived ¢g-de Rham complex.
It’s straightforward to equip it with the additional structure from Definition 3.2(a)—(c,): Just
construct everything on the level of complexes and then take the pullback.
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Therefore, the pair (S, fil] 114, 0 ¢-dRg/4) determines an Eg-algebra in AniAng{Hdg. We'll
explain in [Wag25, Remark 6.14] that it can be refined to an E.-algebra. The derived
g-Hodge complex associated to (S,filj yqs 0 q-dRs/a) is the coordinate-dependent ¢-Hodge
complex ¢-Hdg¥ /4,00 Indeed, as we’ve seen in Remark 3.6, in the definition of ¢-Hdg_ /A it
doesn’t matter whether we work with the g-Hodge filtration on ¢-dR_,4 or its completion.
Since ﬁl;_HdgE q-% A0 is already complete, it’s automatically the completion of its pullback
ﬁlg_HdgE q-dRg/4. We conclude that the corresponding derived ¢g-Hodge complex is

li ﬁlo —Q* (q_l) ﬁll —Q* (q—l) ~ ¢-Hd *
com | ly gag 0 d—>4ig/a,0 — MgnHdgnd 3540 — =9 8s/4,0
as claimed.
In this case, Theorem 3.11(a) shows that ¢-Hdg} /4,0 descends to an Exc-algebra ¢-Hdgg, 4 o

in ZSH(A[q]) As we'll see in Corollary 3.31 below, X" q—Wdeg/A ~ q—Wng/A holds for all
n. Thus, Theorem 3.11(b) shows

H*(¢-Hdgg/an/(@" — 1)) = ¢WnQ5) 4

as graded A[q]/(¢"™ — 1)-modules. With a little more effort (see Corollary 3.54 below), we can
even get an equivalence as differential-graded A[q]/(¢™ — 1)-algebras, so we obtain an improved
version of [Wag24, Theorem 4.27].03%)

In fact, q—?—[dgs/ 4,0 can be described as an explicit complex; this was first presented in
[Sch25, Lecture 4]. To this end, equip A[x1,...,x,] with the toric A-A-algebra structure in
which the Adams operations are given by ¢"™(z;) = " and consider the relative Habiro ring
Hs/Aer,...,.zn]- For i = 1,...,n let 7; be the A[g]-algebra endomorphism of A[zy,...,zx,q]
given by ~;(x;) = qx; and v;(x;) = x; for j # i. We wish to extend 7; to an automorphism of
Hs/Afer,...en]- L0 do so, we'll extend 7; to each of the factors of the equaliser in Lemma 2.12.
Fix m € N and put (™ = (S ®A[z1,..zn]om A[T1, -+ Tn])[Gn]. Consider the diagram

A[xlavxn>cm][[q_<:m]] L) (m)[[q—Cm]]

=Y
of A
T (m)

S™ g — ¢m] ”’ S(m)

(m)

where 7, is given by the identity on the tensor factor S, %(m) (zi) = Gmy, and ng) () =z
for j # ¢. By the infinitesimal lifting property of formally étale morphisms, there exists a
unique dashed arrow ,yi(m) making the diagram commutative. Then (%(m))m N defines the
desired automorphism ~; of Hg/a[z,,....z,] via Lemma 2.12. It’s also straightforward to check
that v, =id mod z;.

Letting q—gi = (y; —id)/x; and q—% = q—gi dx;, the Koszul complex of the commuting

~

endomorphisms ¢-9;,

R v -V
<HS/A[m1,...,mn] e @HS/A[ml,...,zn] dz; L HS/A[ml,..,,:vn] dzy--- dxn) )

Is an explicit complex representing g-Hdgg 4 7. This can be shown by unravelling the proof of
Theorem 3.11 (which is less horrible than it sounds).

(3-3)But this theorem is being used in the proof, so we don’t get a new proof.
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§3.2. THE MAIN RESULT

Example 3.12 covers in particular the case of étale A-algebras. In this special case, we
recover a familiar construction.

3.13. Corollary. — If R is étale over A, then q-Hdgr,4 is the relative Habiro ring Hr/a
constructed in 2.7.

Proof. This is clear from the explicit presentation in Example 3.12, but it can also be shown
without having to unravel the proof of Theorem 3.11.

We'll see in Corollary 3.31 that ¢-W,,,dR’; /A4~ YT g-Wi /A holds for all n > 0 whenever
R is smooth over A. If R is étale, then combining this observation with Theorem 3.11(a) and
[Wag24, Proposition 3.31] shows

q-Hdgr/a/(¢" — 1) ~ ¢-Wi(R/A) ~ Hp/a/(¢" —1).

By uniqueness of deformations of étale extensions, these automatically lift to a unique equivalence
of Exo-H-algebras (¢-Hdgp / A)(Aqm_l) ~ Hp/A,m; furthermore, uniqueness also ensures that these
equivalences are compatible for varying m. It follows that ¢-Hdgr/4 ~ Hpr/a, as desired. [

The proof of Theorem 3.11 has many ingredients and will occupy §§3.3-3.6. Before we get
lost in the technicalities, let us already outline the main argument and point out where the
missing pieces will be provided.

Proof outline of Theorem 3.11. The argument will proceed similarly to the proof of Propo-
sition 3.7 above; in particular, for m = 1, the arguments below will recover the proof of
Proposition 3.7. In §3.3 we’ll introduce twisted q-de Rham complexes for all m € N. These are

(¢"™ — 1)-complete E-A[g]-algebras q—ng;ll satisfying

g-dR$), /(¢ = 1) = ¢-W,dRp 4

(see Proposition 3.19(3‘4)). By animating the stupid filtration q—Winz[’:, we obtain a filtration
ﬁl;[dgm ¢WndR_ 4 on ¢-Wy,dR_ 4. For m = 1, this is the Hodge filtration on dR_ 4; for
higher m, it should be thought of as a ¢-Witt vector analogue of the Hodge filtration. By
construction,

8%dg, - WmdR_ /4 ~ ¢-WpdR. 4.
In §3.5, specifically in Proposition 3.39, we’ll show that for any given ¢-Hodge filtration

ﬁl;,Hdg q-dRpg/4, we can construct a filtration ﬁl;—Hdgm q—dRSRﬂ;i1 satisfying

7 pyqq, a-ARYTY /(0™ = 1) ~ g, - WindRpa-
We'll also verify that il 5,4, q—ngr/?4 is lax symmetric monoidal in (R, fil} 4, ¢-dRpg/4) and
that the equivalence above can be upgraded to an equivalence of lax symmetric monoidal
. -Hd .
functors AniAlg? "™ — Modgm_1)+ afq (Fil D(A)).
With this construction, we’ll build the desired Habiro descent of ¢-Hdgg 4 in §3.6 by
mimicking the definition of the ¢-Hodge complex in 3.5. For all m € N, we define

. m -1 m m-1 A
q-Hdgr/,m = colim (ﬁlg_ﬂdgm q—ng?/L ACiinN ﬁl;_Hdgm q—ng%/L ACunN .. '>(qm—1) )

G- Informally, just as the g-de Rham complex is a g-deformation of dRg/a ~ ¢-W1dRg,4, the twisted g-de
Rham complexes are ¢"'-deformations of ¢-W,,dRpg,4.

27


https://guests.mpim-bonn.mpg.de/ferdinand/q-Witt.pdf#theorem.3.31

§3. HABIRO DESCENT FOR ¢-HODGE COMPLEXES

In Proposition 3.43, we’ll show (q—Hng/Aym)(Aqd_l) ~ q-Hdgg/a,q whenever d | m. It follows
that ¢-Hdgpr, 4 = limpmen ¢-Hdgp/,,, determines a Habiro descent of ¢-Hdgp /4, thus proving
Theorem 3.11(a), except for the symmetric monoidality statement. As in the proof of Proposi-
tion 3.7, it’s formal to construct a lax symmetric monoidal structure on g-Hdg_ 4 which reduces
to the one on ¢g-Hdg_,, after (¢ — 1)-completion; see 3.45 for the details. Strict symmetric
monoidality will then be checked in Lemma 3.46, finishing the proof of Theorem 3.11(a).

To show Theorem 3.11(b), we will mimic the arguments for the conjugate filtration (and in
fact, for m = 1, the desired filtration on ¢-Hdgg/a/(¢—1) =~ ¢g-Hdgp a/(q—1) is the conjugate
filtration). By the same argument as in 3.8, we obtain

m . m) (¢™-1) m) (¢m—1)
q—Hng/A,m/(q — 1) ~ colim (grgq{dgm q_ng%/l)4 I gr;—ﬂdgm q—dR% 1)4 a7, ) )

The colimit defines an exhaustive ascending filtration on ¢-Hdgg /4 ,,/(¢™ — 1), which we take

to be our definition of il (¢-Hdgp /a,m/ (@™ —1)). The associated graded of this filtration
can be determined by via Lemma 3.10 (for this we identify the filtered ring (¢ — 1)*A[q] with
the graded ring A[q, §,t]/(8t — (¢™ — 1)), where |¢| =0, |5| =1, and |t| = —1): We obtain

gri’WmQ (q—Hng/Avm/(qm — 1)) ~ Y q—Wde’;{/A ~ gri}‘_ldgm Wy dRp /4 -

As in the proof of Proposition 3.7, the lax symmetric monoidality statements are formal, and
so the proof of Theorem 3.11(b) is finished. O

§3.3. Deformations of g-de Rham—-Witt complexes

We fix a perfectly covered A-ring A as before. We let ™ denote its Adams operations,
which we extend to a map ¥ : A[q] — Alq] via ¥"™(q) = ¢". We'll also frequently use the
Berthelot-Ogus décalage functor Lay,,), (see [BMS18, §6] or [Stacks, Tag OF7N]).

In this subsection, we’ll study twisted q-de Rham complexes: For S smooth over A, these
are certain (¢ — 1)-complete E-A[q]-algebras q—ngjl, refining the (¢ — 1)-complete Eo.-A[q]-
algebras L), ¢-S2s/a for all m € N. The rationale behind our notation and the name twisted
g-de Rham complexes is as follows: If the global ¢-de Rham complex would admit Adams

operations ¥™ inducing equivalences

A

i> L m -Q ’
(g=1) 77[ lq q S/A

P <Q‘QS/A ®lijgl,om A[Q])
then the corresponding twisted ¢g-de Rham complex could simply be constructed as the (¢ —1)-
completion of the “Adams-twist” ¢-{0g/4 ®i[q] o Alq].®®)  However, such global Adams
operations don’t exist in general (this already fails if S is étale over A, as A-structures usually

don’t extend along étale maps). The best we have is, for every prime p, a Frobenius ¢, on the

(m)

p-completion (g-Qg, A)p - Still, these p-adic Frobenii are enough to construct g- /A"

3.14. Twisted g-de Rham complexes — Let S be a smooth A-algebra. We’ll construct a
(¢"™ — 1)-complete E.-A[g]-algebra using Corollary 2.4. In the notation of that corollary, take

-— L :
Eq = (L'n[m/d]q 4825/ ® a1 e A[q]) Balg)

B9If ™ is finite (for example, this holds if A = Z or more generally if A is a polynomial ring), then
q-Ss/a ®a[q]’wm Alq] is already (¢™ — 1)-complete.
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We must also provide p-adic gluing equivalences. For p a prime such that pd | m, the required
N

gluing equivalence (Epq)p ~ (E4)p should be of the form

A

~ L
- (Ln[m/d]q q_QS/A ®A[q],¢‘i A[Q]) (0, Da(q)) :

A
L Q574 @14 yoa Ald])
( M /pd]y 2574 ®4fq),gwa Ald] 0rBral@)
To construct this, we may replace L, paq), and Loy, q), by Lippe), and Lnppa+1),, where
a = vp(m/pd), because the factor [m/pd],/[p*], will be invertible on either side. It will thus
be enough to construct an equivalence

N A

(Ln[pa]q 4-Qs/4 ®[g) o A[q]) — (Ln[paﬂ]q Q‘QS/A>

(p,g—1) (p,g—1)

Now (Lo, ¢-s/a)p = Lijppe), (¢-Qs/a)p - Indeed, ¢-Qg 4 is (¢—1)-complete, so p-completion
agrees with [p®];-completion, which always commutes with Lr,a, (see [BMS18, Lemma 6.20]).
Thus, we may replace g-{2g/4 by its p-completion on the left-hand side; the same argument
applies to the right-hand side as well.

Finally, if (B, J) denotes the prism (A\p[[q—l]], [plg) and T := gp[Cp]a then (¢-Qs/4)p =~ 7/8,
and so the desired gluing equivalence can be constructed using the general fact that the relative
Frobenius induces an equivalence (see [BS19, Theorem 15.3])

¢/5: 17/8®Bgs B— Lns /5.

According to Corollary 2.4, we can glue the E; for all d | m to a (¢" — 1)-complete Eo-A[q]-
algebra q—Qg}g. This is the m™ twisted q-de Rham complex of S over A. Via animation, we
can then define a functor

q—dR(_n})A: AniAlg, — CAlg (ﬁ(qm_l)(A[q])) )

which agrees with (J—Q(_m?4 on polynomial-A-algebras (but not on all smooth A-algebras, due to

the usual issues in characteristic 0).
The arithmetic fracture square for q—Qg}g (in the sense of 1.22) can be read off from the
construction.

3.15. Lemma. — Fizm € N and N # 0 divisible by m. For any prime p | N and any divisor
d | m write m = p”p(m)mp and d = pvp(d)dp, where my, and d, are coprime to p. Let also

Pp/afa): 4-Ls/a g Ald] — (a-Qs/a);)

denote the relative Frobenius coming from the identification with prismatic cohomology. Then
we have a functorial pullback square

-0} II II (q‘QS/A Dt v A[q]><p Bay (@)
pIN dplmyp o
‘ - [
}l_[ (Q‘QS/A ®i[q]7,¢,d A[%7 (I]) () 1|_I }|_[ <Q‘QS/A ®i[q]’wd A[Q])p [%];d(q)
m p|N dlm
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Proof. Using Remark 2.5, the desired pullback square can be identified with the (¢ — 1)-
completed arithmetic fracture square

¢- Q) l;[v( -Q5);
P
b J
9(577121[ ]Am n H 9(57714 (Aqm—l)
pIN

Here we also use that [m/d], is mapped to a unit under ¢: A[q] — A[1/N, q]fbd(q), SO we
may ignore Ly, q), for any d | m in the bottom left corner. Similarly, we may ignore any

Ln[m/pvp(m>d]q in the top or bottom right corner. ]
3.16. Transition maps. — Whenever n | m, there’s a map of Eo-A[q¢|-algebras
(m) (n)
(g QS/A)( no1y 0 a

functorial in S. To construct this map, we once again appeal to the gluing procedure of
Corollary 2.4. On ®4-completions, where d | n, the desired map is induced by the symmetric
monoidal natural transformation Lnp,/q), = L q),- It’s straightforward to check that this is
compatible with the p-adic gluings from 3.14. Alternatively, we can use the pullback square

from Lemma 3.15: On the bottom part of the diagram, (q—Q(;;A) (Aqn_l) — q—Q(ST;ll is induced

by projection to those factors where d | n. In the top right corner, we also need to apply the

/n)

relative Frobenius ¢Z§X’Eq] in any factor where d), | n,.

These maps can be assembled into a functor q—Qé}A: N — CAlg(Dx(A[q])), where N
denotes the category of natural numbers partially ordered by divisibility. Furthermore, this
functor is itself functorial in S. We’ll refrain from spelling out the argument, as it would just
add one more layer of technicalities. To construct the Habiro descent eventually, we only need
the individual maps, not the whole functor with all its higher coherences, since any lim,,cy can
be replaced by the limit over the sequential subdiagram given by {n!},>1.

3.17. Remark. — The maps (Q‘Qg;gg)z\qn,U — q—Qg}ll are usually quite far from being
equivalences, as can be seen from the discrepancy between Lnp,,/q), and Lny,/q),- Thus, we can
form the limit

lim g- Qg/i,

meN

but it will usually be a pathological object (unless S is étale over A, in which case we recover
2.7). In particular, it won’t be a Habiro descent of ¢-{2g/4.

(n)

3.18. Remark. — To get ( Q(Sn/?‘)(fﬂ—l) — q—QS/A closer to being an equivalence, a natural

idea goes as follows: The Berthelot-Ogus décalage functors Ly, /q), and L, /4], come equipped
with canonical filtrations (see [BMS19, Proposition 5.8]). If these filtrations would glue to give
filtrations on q—Qg}g and q—Qg;)A, we could modify ¢- Q! /21 and ¢- Q(S /24 by “making elements in
each filtration degree i divisible by [m ] and [n ] respectively”. It is then reasonable to hope
that the map between the modiﬁcations is an equlvalence after (¢" — 1)-completion, so that in
the limit we get a Habiro descent of g-{2g/4.
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However, the filtrations on Lnj,,/q), do not glue. To make the idea work, we need the
additional datum of a g-Hodge filtration on ¢-{25,4; and, we won’t get a Habiro descent of
q-Sls/a, but of g-Hdgg, 4. This is precisely how we’ll prove Theorem 3.11. See the outline at
the end of §3.2. Also see §3.7 for a discussion of Habiro descent for g-{2g, 4.

Let us now explain the relationship between ¢- Q! /i and the ¢-de Rham—Witt complexes.
To this end, recall from [Wag24, Proposition 3.17] that we have a map of graded A[q]/(¢™ — 1)-
algebras Fy,, /q: ¢-Wy, QS/A — q- WdQS/A for all divisors d | m (the Frobenius on g-de Rham—-Witt
complexes). This satisfies d o F5,, /g = (m/d) o F},, /q. Therefore, if Fm/d is given by (m/d)"F,, /q
in degree n, then

is a map of differential-graded A[q]/(¢™ — 1)-algebras.

3.19. Proposition. — Let A be a perfectly covered A-ring and let S be a smooth A-algebra.
There’s a functorial equivalence of Ex-Alq]/(¢™ — 1)-algebras

-0/ (4™ = 1) = ¢- Wi Qga -
Under this identification, the map g- QS/A/( -1)— q—Q(S‘?A/(qd — 1) induced by 3.16 agrees

with the map F,, 4 above.

Proof sketch. By [Wag24, Corollary 4.37], for any N # 0 divisible by m the arithmetic fracture
square for ¢-W,,{)g/4 has the the following form:

¢WinQg/g ——— H H (QS/A ®Igywpvp<m>dp A[q])I:/(I)dp(q“P(m))

pIN dp|mp
hm m : U m
(8hpmya)d| ] l((ﬁp% /d)>puv, .
11 (QS/A ® pa Al (J]> /®a(q) — JT11 (QS/A ®Y A[Q])Z [5]/®a(q)
dm p|N d|m

This agrees with the reduction modulo (¢™ — 1) of the arithmetic fracture square from
Lemma 3.15. Here we note that upon reduction modulo (¢™ — 1), every occurence of the g-de
Rham complex ¢-25/4 in Lemma 3.15 can be replaced by {2g,4. For example, for the d*™ factor
in the bottom left corner, reduction modulo (¢™ — 1) is the same as reduction modulo ®4(q),
as (¢" — 1) and ®4(q) only differ by a unit in A[1/N, q]gd(q). Now (¢ — 1) maps to 0 under
?: Alq] — A[1/N,q]/®4(q), so indeed q-Q2g/4 can be replaced by {2g/4 in that corner. Similar
arguments apply to the other corners.

This yields the desired equivalence g- QUm /A / (@™ —1) ~ ¢-WpQg)4. It’s straightforward to
check that this equivalence doesn’t depend on the choice of N (compare 3.38 below).

The additional assertion about q—QEgnfi/ (" —1)— q—di/)A/ (g% — 1) follows similarly by a
comparison of arithmetic fracture squares (where we may now choose the same N). The only non-
trivial step s to check that under the equivalence (¢-WpaQg/4)p =~ (QS/A®A e Alq)/ (¢ =1))p

the maps F and ¢,/ get identified. This is explained in [Wag24, Corollary 4.38]. O
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§3.4. The Nygaard filtration on g-de Rham—-Witt complexes

In this subsection, we’ll study an auxiliary filtration on ¢-de Rham—Witt complexes. Throughout
§3.4, we fix a prime p. We’ll also write ¢ instead of ¢P for the p'* Adams operation of the
A-ring A. We extend ¢ to A[q] via ¢(q) = ¢P.

Let’s first recall the Nygaard filtration on ¢-de Rham cohomology.

3.20. The Nygaard filtration on g-de Rham cohomology. — Let S be a smooth
A-algebra. By Lemma 3.15, for all a > 0,

N

(Q‘ng/?); = (Q‘QS/A ®I;1[q],¢,a A[Q])(p’q_l)

agrees with the a-fold Frobenius-twist of (¢-(2g, 4)p - Since g-de Rham cohomology is a special
case of prismatic cohomology, the general theory of Nygaard filtrations [BS19, §15] provides a

filtration fil}, (q—Q(é?/) ) " Tt is the preimage of the filtered décalage filtration on Lo, (q)(a-Qs/4)p
under the relative Froﬁenius

brata: (4-08)1)0 = L, g) (a-Qsya) ) -

Via pullback along ¢*~!: A[q] — A[q], we also get Nygaard filtrations fil} (q—Qgp/(X); for all

«a > 2. By construction, these Nygaard filtrations are canonically filtered E,.-algebras over the
filtered ring ®,o (¢)*A[g], hence over (¢P" — 1)*A[q] as well. By Proposition 3.19, we also have
an equivalence

(0G0, /(@ = 1) > (W Qs74),,
Our goal in this subsection is to identify the image of the Nygaard filtration under this
equivalence with an explicit filtration on the complex g-Wya Q% A"

3.21. The Nygaard filtration on g-de Rham—Witt complexes. — Let S be smooth
over A. The the Nygaard filtration is the filtration fily, ¢-W,, Q% /A whose n'® term is the
subcomplex fil}y, ¢-Wa Q% /A C ¢-Wpa Q7 /A given by

(P V(- Wy 94) — o+ = PV (a-Wipea Q271) = ¢ Wpa Qg — - ).

3.22. Proposition. — For smooth A-algebras S, there exists a unique functorial equivalence
of filtered Eoo-Alq]/(¢*" — 1)-algebras

il (q-0%)) /(@ = 1) = il (¢-Wpe 7))
(the quotient on the left-hand side is taken in accordance with Convention 3.1) which in degree 0
recovers the equivalence (q—Q(S?/‘X);/(qpa —1) ~ (q—WpaQS/A)g from 3.20.
The proof of Proposition 3.22 requires several preliminary lemmas.
3.23. Lemma. — Let S be smooth over A. For alln > 0, the ljrobenius ﬁ’p, when restricted
to fily, q—Wpan/A, is divisible by p". The divided Frobenius p~"F), induces a map
P Fpr gtk Wy — 75 (W1 2% 4/p)

which is surjective in degree n and an isomorphism in all other degrees.
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Proof. 1t follows directly from the construction that ﬁ'p is divisible by p™ on fil}y, ¢-W,a Q% A"
The Verschiebung Vj,: ¢-Wpa—1 Qiks*/A — q—WpaQE/A satisfies Fy, o V), = p and ¢-Wya—1 QE/A is
degree-wise p-torsion free by [Wag24, Proposition 4.1], hence V}, must be injective. It follows
that

p " Ep gt ¢ Wpe Qg 4 — ¢-Wpar Qg4 /p
is an isomorphism in degrees < n — 1. Also gri, ¢-Wp« Q% /A vanishes in degrees > n+ 1. In
degree n, the map above is given by

Fp: q—Wpan/A/V}, — q—Wpaleg/A/p.

SNince d o F, = p(F} o d), this map lands in ker(d: ¢-W a1 Qg/A/p — ¢-Wya Qgﬁ/p), and so
F,/p" indeed factors through 75" (g-Wa—1 Qg/A/p).

To finish the proof, we must show that F,, maps surjectively onto this kernel. First suppose
that S = P is a polynomial A-algebra. If £ € ¢-W 10} /A satisfies d¢ = 0 mod p, then
[Wag24, 4.3(d,)] shows that there exist w and 7 satisfying & = F,(w) + pn, proving the desired
surjectivity in the polynomial case. If S admits an étale map [: P — S, then surjectivity
follows via base change along the étale map ¢-Wye (P/A) — ¢-W,a(S/A). Here we use [Wag24,
Propositions 2.48 and 3.31] as well as the observation that

d: ¢-Wpa1 Q)4 /p — q-wpa_lszgjj /p

is a map of g¢-Wpa (S/A)-modules, as d o F,, =0 mod p. For general S, we find a Zariski cover
S — S’ such that S’ admits an étale map from a polynomial A-algebra. Then we can again
argue via base change along the étale cover ¢-Wpa (S/A) — ¢-W,a (S'/A). O

3.24. Lemma. — Let S be smooth over A. There exists canonical isomorphisms
U4 @ gm AlGpe] = ker(Fy: ¢-Wya Q4 — ¢-Wpar 04
= ker(Fp: q—Wpan/A/V}, — q—Wpang/A/p>

Proof. We prove the second isomorphism first. For injectivity, suppose w € g-Wpa Qg /A satisfies
F,(w) = 0, but is also contained in the image of V,, say, w = V,(n). Then 0 = F,(w) = pn
implies 7 = 0 by p-torsion freeness, hence w = 0. For surjectivity, suppose w € g-W;,a (2% /A
satisfies F},(w) = pn for some 7. Then w — V,(n) is contained in the kernel of F},. This proves
the second isomorphism.

To show the first isomorphism, consider the ghost map

gh1: q_Wpan‘/A e Qg/A ®A,¢)"‘ A[Cpa] :

We claim that gh; maps the kernel of [, isomorphically onto ({, —1)(Q2% /4®4,60 A[(p]), which
would provide the desired isomorphism, as ({, — 1) is a non-zerodivisor. We only need to show
this claim in the case where S = P is a polynomial A-algebra; the general case will follow by
the same base change arguments as in the proof of Lemma 3.23 above.

To show injectivity, recall from [Wag24, Lemma 4.5] that gh; is surjective with kernel
im V), +imdVj,. Thus, suppose w € ¢-W;,a Q7% /A is contained both the kernel of F}, and of gh,,
then we may write w = V},(no) + dVp(m). Using F,od oV, =d, we get 0 = Fj(w) = pno + dn;.
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In particular, dny; =0 mod p. By [Wag24, 4.3(d,)], m can be written as n1 = F, (&) + pé1, so
that dm = pF,(d&y)+pdéi. Now png = — dmy and p-torsion freeness imply ny = —F,(d&p) —dé&;.
Thus

w = Vp(no) + dVp(m) = =VpFp(d&o) — Vp(dé1) + dVp Fp(So) + pdVp(&1) -

Using V), 0 F}, = ®pa and V,,0d = p(d o V), we conclude w = 0. This proves injectivity.

Let us now show that the image is precisely (¢, — 1)(Q% /4 @4, A[(pe]). By p-torsion
freeness, it’s enough to check this after p-completion and after inverting p. Once we invert p, the
g-de Rham-Witt complexes g-W,a Q7 /A and ¢-W,a-1Q7}, /A split into products of base-changed
de Rham complexes by [Wag24, Corollary 3.34] and the assertion is clear.

So let us see what happens after p-completion. First observe that we can replace (ker F},);
by the kernel of F,: (q—WpaQ}/A)IA, — (q—Wpan”;g/A)f,. Indeed, to show that the image
is contained in (¢, — 1)(Q2% /4 @4, A[¢pe])p, this is certainly sufficient. To see that all of
(G = D254 ®a,ge A[¢pe])p is hit, we may use base change [Wag24, Lemma 3.16] and reduce
to the case where A = Z. In this case we're dealing with finitely generated modules over a
noetherian ring [Wag24, Corollary 2.39 and Proposition 3.12(a)], so p-completion commutes
with kernels.

In any case, we can now use [Wag24, Theorem 4.27] to identify the g-de Rham-Witt
Frobenius F: (qupaQ}é/A)f; — (qupan};/A)g with

H*((¢-Hdep s )y /(¢" = 1)) — H*((¢-Hdgp 0 0)p /(@ = 1)),

where the framing [0 can be any choice of coordinates of the polynomial ring P. Also note
that we can ignore the (¢ — 1)-completion in the cited theorem, because everything is p-
completed but also (¢”* — 1)-torsion. In [Wag24, 4.28-4.30] we construct a direct summand
(q—Hdg;’/OAVD),A, - (q—Hdg}‘D/A’D)ﬁ that fits into a commutative diagram

e} a—1

H* ((q_Hdg}ko’/OA,D);/(qpa - 1)) — H* ((q_Hdg?/OAJj);A)/(qp

gh, J F

(24 @agm AlGpn])) (U @agm Algl/ (@ — 1) — (U4 @age Alal/ (" — 1))

14

It is also checked there that the complementary direct summand is sent to 0 under gh;. It follows
that the image of ker F}, under gh, is the image of (7 - 1)(9”;,/14 ®a.¢0 Alq)/(¢P" —1))p in
(Q}‘D/A ®4,po A[pe])p, which is indeed exactly (¢, — 1)((2%/14 ®4,¢o A[pe])p in degree n. This
finishes the proof. O

3.25. Corollary. — Let R be an animated A-algebra and let ¢-WyedR_, 4 denote the (p-
completed) animations of the q-de Rham—Witt complex functors. For alln > 0 and all o > 0,
there exists a functorial divided Frobenius

P " Fy: gl - WyedRpgya — 7 (AR g a/p) @Y yos Alal/ (@ —1).

with fibre given by ﬁb(p‘”ﬁ’p) ~ YR 4 ®h,¢a A[lpe]. Here filSoM (dRpya/p) denotes the
conjugate filtration on the derived de Rham complex, i.e. the animation of Tg*(Q,/A/p).

Proof. For S smooth over A, Lemmas 3.23 and 3.24 provide a short exact sequence of complexes

n F n
0 — Qg/u[—n] ®a,¢0 AlGpe] — grRr ¢-WpeQlg/a F 2, < (¢-Wpa-1Qg/4/p) — 0.
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Using ¢-W,a-1Qg/4/p =~ Qg/a/p ®i,¢o‘*1 A[q]/(ql”%1 — 1) by [Wag24, Proposition 4.2], this
provides the desired cofibre sequence. The case of general R follows by passing to animations. [

3.26. Corollary. — For all animated A-algebras R and all o > 0, let us denote the animated

Nygaard filtration by fily, ¢-WyedRp/a. Then:

(a) filR(¢-WpadRp/a)p satisfies quasi-syntomic descent in R.

(b) If R is smooth over A, then filj;(¢-WyadRp/a)p agrees with its un-animated variant
IR (q-Wpa Qp/a)p

Proof. 1t’s clear that (¢-WyadRp/a)p ~ (dRpg/a ®ﬁ7¢a Alq]/(¢"" — 1)), satisfies quasi-syntomic
descent and agrees with its un-animated variant when R is smooth over A. To prove (a) and (b),
it will thus be enough to show that gri,(¢-WyedRp, 4)p satisfies quasi-syntomic descent for
all n > 0 and agrees with gri(¢-WyeQp/ 4)p when R is smooth. Both assertions follow from
Corollary 3.25. O

Next we construct an analog of the fibre sequence from Corollary 3.25 for the other Nygaard

filtration fil’}, (q—Qgp;X); /(g"" —1). After that we’ll prove Proposition 3.22 by carefully comparing
these fibre sequences.

3.27. Lemma. — Let R be an animated A-algebra. For brevity, let us write

% 4 = il (¢-dRYE))) /(@ — 1)

and let griy, -Q denote the associated graded of this filtered object. Let also ¢4 denote the
relative Frobenius on (dRR/A)g. Then for all n > 0 there are canonical maps

p‘”¢/,4i gr}l\/,q_g —_— ﬁl%onj (dRR/A/p) ®i,¢a71 A[q]/(qpaﬂ B 1)

with fibre fib(p™"¢,4) = S (AR}, 4 ®Y 4o AlGe])p -

Proof. By definition of the Nygaard filtration, the Frobenius on g-de Rham cohomology is
divisible by ®pa(¢)™ on fil}, (q dr"” )) Therefore, for all n > 0 there’s a commutative diagram

R/A)p
(¢ ~1)
e (a-dR %)) ‘ i (g-dRY )
Ppa(q) ="V 4 JZ ZJ‘D a(q) ™" d,a[q]
con, ( Pa_l ) CO1,
f1°°% (g- dRR/A @y (q) = il (g-dRYE) /B ()

The vertical arrows are equivalences by [BS19, Theorem 15.2(2)] (plus quasi-syntomic descent
and passing to animations to allow for arbitrary animated A-algebras R).

Now griy, . 18 the cofibre of the top horizontal arrow and thus also the cofibre of the bottom
horizontal arrow; we wish to compute the latter. To this end, note that

I (g-dR%) ) /e (0)) /(7 — 1) =~ K1 (R /p) @ gor Alal/ (2" —1).

Indeed, without the Frobenius-twists, fili™ (¢-dRp/a/®y(q)) ®'p, 1y A ~ ALY (dRR)a/p)
follows from the base change result in [BS19, Theorem 15.2(3)] plus quasi-syntomic descent,
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using that — ®i[[q—1]] A commutes with all limits. To incorporate the Frobenius twists, just

take the base change along ¢~ .
As a consequence, we obtain the desired canonical map

. . a—1
P "ba: gk g0 — Gl (AR /A /P) @ gt Aldl/ (¢ —1).
By the diagram above and the Hodge—Tate comparison for prismatic cohomology (see [BS19,

Construction 7.6]) the fibre is indeed gri™ (¢- dRR/A /<I> o(q)) = (AR 4 ®F ga AlGpe])ps
as desired. ]

3.28. Remark. — By contemplating the bottom row of the diagram in the proof above, we
find that fib(p~™"¢,4) — 8Ty q-q sits inside the following diagram for all n 2 0:

il (¢-dR )

R/A/p
J \"p“(qz’%m[q]
. a—1
g2 (g-dRY) ) /@0 (q) ———— gy 6150 (g-dR %7, /0,0 (0)

s .

gré (g-dR Y /@y (g)

Proof of Proposition 3.22. Thanks to Corollary 3.26, we can tackle the question using quasi-
syntomic descent. Let R be a p-complete quasi—syntomic A-algebra which is large in the sense
of [BS19, Definition 15.1], i.e. there exists a surjection A »(T; /Pt | i € I) - R for some set 1.
Let fil}, ..o and fil§, , w denote the two filtrations on (dRg/4 ® Ao Alal/ (¢"" — 1)), given by

filiy 0 = AR (g-dRE)7 /(@ = 1) and I} gy == il (¢-WpadRp a) )

A

Our assumptions on R ensure that (dRg/4 ®57 oo Aldl/ (¢"" — 1)), is static and that fily 4 18
a descending filtrations by ordinary ideals. So once we've shown fil§, , o = fil}, , . as ideals,
the comparison will automatically be functorial in R (of the given form) and an equivalence of
filtered Eo-A[q]-algebras. Moreover, uniqueness will also be clear. Via quasi-syntomic descent
we can then recover the smooth case.

To prove the proposition for R, we show using induction on n that fily, , o = fili; ,w as
ideals in the ring (dRg/4 ®%7¢a Alq]/(¢”" —1)))p. The case n = 0 is clear. So assume we know
fil o = filiy ,-w =t fil} for some n > 0. Let

K = 6ib(p ™64 0 1 — A1 (R0 /p) @ yos Ala)/ (¢ = 1))

Via fil, = filj; , o we know that p~"¢, is surjective and so K is static. According to
Corollary 3.25 we have an equivalence

cofib (g} ) — K) ~ ST (AR /4 ®4 g AlGpe]))

Moreover, this equivalence can be explicitly described as follows: Consider the ghost map
gh; for ¢-WyadRp/4, which by [Wag24, Proposition 4.2] just corresponds to the canonical
projection

(o1

(dRp/a ®4 po Alg)/ (¢ — 1)) — (dRp/a &' go AlGpe]),
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sending g — (po. When restricted to fily, = fil§ .y, this lands in (ﬁlﬁdg dRR/a ®i7 o Al¢pe])p -
Indeed, for smooth A-algebras this follows directly from 3.21, as the image of V,, dies under
gh;; the general case follows via animation. By tracing through the proof of Lemma 3.24, we
now see that the diagram

cofib(fIf} ) o — K) K filR,
g1tiag (ARR/A ® g0 Alpe])) filfiqg (AR /4 @4 go AlGe]))
(G—1) J

erfiag (AR r/a ®F go AlGpe]))

commutes. Thus K is mapped into the submodule (, — 1)(grfjqy dRR/4 ®IA¢Q Al¢pe])p and
ﬁlﬁjﬁw is the fibre of this map.

According to Lemma 3.27 and the left half of the diagram from Remark 3.28, for ﬁlx/+1 q we
have a similar diagram:

cofib(filyf 1, — K) K fil'y
g™ (g dRR/A /@y (a)) 8IN,¢-0
(¢ ' -1) J

gréom (g-dR Y ) /@y (q))

Note that (qpa_1 — 1) is sent to ({, — 1) under ¢ — (pa. Therefore, to show fil; ntl = ﬁlﬁ;ﬁw
and thus to finish the induction, it will be enough to show that the following diagram commutes;
here we also use the right half of the diagram from Remark 3.28:

Y (¢-dR{ ) filye
Py (9) P AL QJJ J
ﬁlconj (q dRR/A /(I) ( )) ﬁlﬁdg (dRR/A ®%7¢a A[Cpa]);

| |

g1 conj (q dRR/A /(I) ( )) ~ ngI}Idg(dRR/A ®a,¢°‘ A[Cpa]);

Hodge—Tate comparison

To show commutativity, let us first get rid of (o« — 1) Frobenius-twists (thus reducing to o = 1),
as these Frobenius-twists just amount to a pullback. Moreover, commutativity can be checked
after the faithfully flat base change along the map A — A, into the colimit perfection of the
perfectly covered A-ring A. Since everything is p-complete, working relative to Ao is the same
as working absolutely, so we can reduce to the case A = Z. We can then use the method from
[BS19, §12]. Let us first check commutativity in the single case R = Z,(x/P™) /z.
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In this case, everything is explicit: First off, (¢-dRp /Z)g is the ring

Zola = 1H<$1/pm>{q’jf@ }:M_l) (Z@@/p] wla= ML); 1)

The graded piece grﬁdg(dRR /z ®% Z[¢p])p is generated by the divided power 2™ /n!, which is
the image of the g-divided power 2" /[n],! € ¢-dRp/z. We have

—n wn xpn _ xp/ép( ) "
2:() ¢<[n]q!)‘ [n]qp!-cbp(qw:( O o 0,0

By [BS19, Lemma 12.6], [n]qr!- ®,(¢)™ is a unit multiple of [pn],!. This shows that ¢(z™/[n],!)

is divisible by ®,(¢q)" and so the image of z"/[n],! under (¢-dRg/z)p — (q- dR%)Z)A lies in
Nygaard filtration degree n. The proof of [BS19, Lemma 12.7] also explains that the graded
algebra gri’™(¢-dRp/z/®p(q)) is generated by divided powers of z¥/®,(q) and that these
generators induce the Hodge-Tate comparison. As we’ve seen above, said divided powers are
precisely the images of 2™ /[n],!, so we obtain commutativity in our special case.

The method from [BS19, §12] then shows commutativity in general: First consider the

case R = Zp(a:}/p o) )/(z1,...,2,). This follows from the special case above by
multiplicativity. Next cons1der the case R = R'/(f1,..., fr), where R is a perfectoid ring and
(f1,..., fr) is a p-completely regular sequence. If each f; admits compatible p-power roots, we
can reduce to the previous special case via base change. In general, by Andre’s lemma [BS19,
Theorem 7.14], we find a p-completely faithfully flat cover R" — R’ such that R” is perfectoid
again and each f; admits compatible p-power roots in R”, so we can conclude via descent.

Now assume R is p-completely smooth over Z,. In this case we can choose a surjection
Zp(z1,...,xy) — R and put

A

Ry = (Zp<xi/p°°7 ce 7x711/p°°> ®Zp<ml""’m”> R)

p

Using descent for R — R, we only need to check the assertion for each term in the Cech nerve
(R27*);. These terms are Zariski-locally of the form considered in the previous paragraph and
so the smooth case follows. Finally, the case of arbitrary R follows by passing to animations. [

The same slightly convoluted method of proof can be used to show the following technical
lemma, which we’ll need below.

3.29. Lemma. — The equivalence (q- dRR/A) [1/p](q 1 (dRR/A) [1/p]lq — 1] upgrades
uniquely to an equivalence of filtered Eo-A[1/p, q]- algebms

fily, (q dRE’%)A) [1];,,(51) — ﬁl?Hdg D, (q)) (dRR/A ®i,¢ A); [%v q] gp(q) ’

where ﬁlfHdg&p(q)) denotes the combined Hodge and ®,(q)-adic filtration.

Proof. Let us first construct the map. It’s enough to do this in the case where R a p-
complete quasi-syntomic A-algebra which is large in the sense that there exists a surjection

gp@; /P | i € I) > R for some set I. Via quasi-syntomic descent, we can then recover the
case where R is smooth over A, and the general case follows via animation.
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If R is as above, then (¢-dRg/a)p [1/p](q 1y = ~ (dRgya)p[1/p][q — 1] are static and so are
the filtrations on them. So we have to compare two descending filtrations of a ring by ideals.
It follows at once that the comparison, if it exists, must be unique, and it will automatically
be compatible with the filtered E-A[1/p, q]-algebra structures. Moreover, to compare the
two filtrations by ideals, we may base change along the faithfully flat map A — A..(39)
Since working relative to the perfect §-ring A, is equivalent to working absolutely, we may
thus assume A = Z. Then we use the method from [BS19, §12] as in the previous proof of
Proposition 3.22.

So we only have to check the single case R = Z,(x'/P™) /z. In this case, (¢- dRS%)Z)A is given
by a completed direct sum

rarge)y ~( @ 2l )

ieN[1/p] (P, 2p(a))

By definition, ﬁlﬁf(q—ngg/)Z)f7 consists of those elements whose Frobenius becomes divisible by

®,(¢q)". By inspection, these are precisely

7 A
ﬁl/\f(q dRR/Z) - < @ (I) maX{n_ LiJVO}Zp[[q - 1]] : $‘> .
ieN[1/p] [Li)]qr! (p,®p(a))
After (—)[1/p]g .y this becomes the ideal (z, ®,(g))", which is the n'® step in the combined
Hodge and ®,(q ) adlc filtration on (dRg/z)5 [1/p, 4]}
special case and thus the construction of the comparison between the two filtrations.

To show that we get an equivalence, let A be arbitrary again and let R be any animated
A-algebra. We'll show that both sides agree if we reduce them modulo ®,(q), where ®,(q) sits
in filtration degree 1. Since both sides also agree in filtration degree 0, it will follow inductively
that they agree everywhere. By construction,

ﬁl?Hdg,(I)p(q)) (dRR/A ®IA,¢ A); [%7 Q] ;p(q)/@p(Q) =~ ﬁlﬁdg (dRR/A ®i,¢ A[Cp]); [1%]

is just a base change of the Hodge filtration. So let’s see what happens on the left-hand side.
Since (¢ — 1) becomes invertible after (—)[1/ p]gp (¢ We may as well reduce modulo (¢ — 1),

®)(q)° This finishes the discussion of the

again sitting in filtration degree 1. Then Proposition 3.22 shows

I3 (¢-dRE) )1 [3]5, /(@F = D) = il (a-WydRpsa)  [3]5 ) -

We claim that the right-hand side is equivalent to (filjjq, AR/ ®% sAl¢ »1)p [1/p] via the ghost
map gh;. This may be checked in the case where R is smooth over A, as then the general case
follows via animation. As we’ve seen above, (—)[1/ p]g)p (q) forces (¢ — 1) to be invertible, and so

all the images of V], in 3.21 die because they’re all (¢ — 1)-torsion. It follows that for R smooth
over A, the ghost map

by s A (@-Wpa), [5]5, ) — Blitae (Vs @40 AlG1); ]

is already an isomorphism on the level of complexes and so we’re done. O

B®Recall from Remark A.7 that for every fixed n > 0 there exists an N such that the canonical map
(¢-dRgya)p — (dRgya)p[1/p]lg — 1]/(g — 1)™ already factors through p~~(dRg/a)p[g — 1]/(g — 1)™. The
existence of a map

il (¢-dR)4)) — i, e () (ARr/a ®,0 A)) [5a]5,
boils down to an inclusion of ideals. Using the observation above, this inclusion can be checked modulo powers
of p and ®,(q), and so we can use base change along A — A without having to worry about completion issues.
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§3.5. The twisted g-Hodge filtration

>N, ®

For smooth A-algebras S, let ﬁl;—idgm W, 2% /A denote the stupid filtration given by ¢-W,, 23 /A

in degree n. In general, let
filfyg, ¢ WndR_/4: AniAlg, — CAlg (FilD( Alg/ (g™ — 1)))

be the animation of this functor. In this subsection, we’ll show that once ¢-dRpg/4 is equipped
with a ¢-Hodge filtration, the filtration ﬁl;‘_[dgm q¢-W,dRp/4 admits a canonical ¢™-deformation

* (m)
filg #ag,, AR R4 -

This will eventually allow us to prove Theorem 3.11 in §3.6 below. Let us first explain how
ﬁl;[dgm q¢-WdRp 4 is related to the Nygaard filtration from §3.4.

3.30. Lemma. — For all smooth A-algebras S, all primes p and all o > 1 the diagram

17 g 0 4-Wpa S/ 4 A% -Wpa {45 4

I

ﬁl%dgpa_l q—Wpa—lgzv/A _ q—Wpa_l QZ’/A

becomes a pullback in D(A[q]) for all n > 0.

Proof. 1t’s enough to check that the induced map on horizontal cofibres is an equivalence. Since
ﬁl?{dgpa q-Wya Q2% /A~ fillyr ¢-Wpa Q% /A is injective, the cofibre agrees with the cokernel, which
is given by

(P Ve Wy 2) =+ = BVo(g-Wpea Q1) = 00— ).

Under p‘”ﬁp, this complex is mapped isomorphically onto

(q_WpO‘_IQ%/A — = q_Wpa—IQg,/ii —-0—-0— ) ,

which is the cokernel (and the cofibre) of ﬁl?—tdgpa, L EWpaa1 Q05 ) — q-Wpaa Q5 4 O

3.31. Corollary. — If S is smooth over A, then q—Wdeg/A ~ ¥»7n q—Wng/A for all
m € N and all degrees n > 0.

Proof. 1t’s enough to show this rationally and after p-completion for all primes p. Rationally,
[Wag24, Corollary 3.34] shows

4-Wn23,4 @2 Q = [T (%14 @00 (4B Q)]
dm

and it’s well-known that the values of 2™ /4 00 smooth A-algebras don’t change under animation.
After p-completion, [Wag24, Lemma 4.36] allows us to restrict to the case where m = p® is a
prime power. Since ¢-WjadRg 14 = gry, dg,a q¢-WyedRgy4, it will be enough to show that the
filtration ﬁl;-tdgpa q-Wpa Q% /4 1S unchanged under animation. This follows via induction on «
from Lemma 3.30 and Corollary 3.26(b). O
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We now set out to construct the desired ¢"*-deformation of ﬁl%dgm W, dRR) 4.

3.32. The twisted g-Hodge filtration (p-adically). — Let’s first construct the filtration
for prime powers m = p® and after p-completion. We’ll use a recursive definition. For o = 0,

q—ng/j1 ~ q-dRpR/4 is just the g-de Rham complex and we choose

0\ A * A
B3 g (¢-dR'? /}4)p = fil} 1144 (¢-dRp/) )

to be the given ¢-Hodge filtration. For o > 1, we consider the “rescaling” of the filtration

a—1y\ A .
i3 s0ae ., (a-dRY) 4 ') by ®pe, that is,

D0 ( ) Ppa(q)
pe (@) il g0,y = (ﬁlgﬂdgpa_ —— fil] gy T >

We also equip (q—ng;:l)); with its ®,0(g)-adic filtration. Then we define ﬁl;-[dgpa (a- ng/ f)‘)

as the following pullback of filtered objects:

17 34dg, o (q_ng/A)) ) fill (¢- ngz/f)x)

J il J%/A[q]

(™A (r* )\ A
Dy (0)" 617 p0ag (AR ) —— @y ()" (g-aRY), ).

Using this pullback diagram, we can also inductively equip ﬁl;—?‘[dgpa (q ng/f)‘) with the
structure of a filtered module over the filtered ring (¢?" — 1)*A[q].
3.33. Remark. — If we reduce the pullback diagram above modulo (¢P" — 1) (where we

invoke Convention 3.1 as usual), we obtain the pullback diagram from Lemma 3.30. Indeed,
this follows via induction on «, using Proposition 3.22. It follows that

13 3ag, (a- ngz/f)x) /(" = 1) = filyag . (¢-WpadRp/a),

3.34. Lax symmetric monoidal structure I. — The functor
A
(p,a—1)

comes equipped with a canonical lax symmetric monoidal structure. This follows from the
recursive construction. For o = 0, Proposition 3.7 even provides a symmetric monoidal structure.
For a > 1, we must equip the legs of the pullback in 3.32 with the structure of symmetric
monoidal transformations. This is not hard. First, the Frobenius

O/ar) ili (a-dRE) )Y — @y (0)* (g-dRY), )

becomes a symmetric monoidal transformation by quasi- syntomlc descent from the case where

g, (a-0R)1), - AniAlgy ™ — Modie_yy. 1 (FI1D(Ala)))

R is a p-complete quasi-syntomic A-algebra with a surjection A »(T; L/p> | i € I) - R. In this
case, we're dealing with filtrations of rings by ideals, so symmetric m0n01dality is automatic.

Second, the functor that “rescales” a filtration by @, (¢) as in 3.32 is lax symmetric monoidal.
Indeed, if we regard our filtered objects as graded modules over Z[q,t], with the filtration
parameter ¢ in graded degree —1, then rescaling corresponds to restriction along the Z[g]-linear
map Z[q,t] — Z|[q,t] that sends t — ®pa(g)t. This is lax symmetric monoidal.
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3.35. Lax symmetric monoidal structure II. — It follows from the construction in 3.32
that we have a canonical map

o A * a—1 A
fil34g o (q‘ng/,i)p — filjag (0 dRE%/A ))p

compatible with the relative Frobenius ¢,/ 1[4 (q—ng;)‘); — (q ng12 /A ));, because the
“rescaling” by ®,a(g) of any filtration in non-negative degrees has a canonical map back to
the original filtration. Moreover, by the discussion in 3.34, the map above can be canonically

equipped with the structure of a symmetric monoidal transformation.

3.36. Lemma. — For all primes p and all o > 0, there exists a canonical equivalence of

filtered (qP” — 1)* A[q]-modules

A

17 31dg,0 (q‘ngﬁ); (510 0(0) — lltag 0 (q)) (ARra ®F yoo A), [5. a5 . -

P

where ﬁl?Hdg ®,0(q) denotes the combined Hodge and ®pa(q)-adic filtration. This equivalence is
compatible with (q-dRp/a)p [1/p](, 1) ~ (dRrsa)p [1/p]la — 1].

Proof. For a = 0, this is the condition from Definition 3.2(c,). So let a > 1. After applying
(— )[1/p] )» the polynomial (¢" " —1) becomes invertible, and so the filtered (¢?" ' —1)*A[q]-

module )
ﬁlg—Hdg a-1 (q_ng/A )); [%]cgpa (q)

must be the constant filtration on (q ng%/A ); (1/ply «(9)’ Consequently, after applying
p

(=)[1/ply «(q) the bottom horizontal arrow in the pullback diagram from 3.32 becomes an
p

equivalence and thus the top horizontal arrow becomes an equivalence too. The desired assertion
then follows via base change from Lemma 3.29. O

3.37. Lemma. — For all primes p, all @ > 1, and all 0 < i < a — 1, the canonical map from
3.35 induces an equivalence of filtered (P — )*A[ ]- modules

afl)

15 g, (a-ARE ) (3100 )~ Wl oy (0 0RE)S (510

Proof. After (—)[l/p]fppi(q),

“rescaling” of filtrations in 3.32 has no effect anymore. Moreover, it follows that the filtered

@0 (¢)* Alg]-module

the polynomial ®p«(g) becomes invertible. Consequently, the

il (- dRER//)x) [1]; i (q)

must be the constant filtration on (q ng%/,i)/\ [1] i)

the pullback from 3.32 collapses to the desired equlvalence.

Thus, after applying (—)[1/pl5 , )

Let us finally construct the filtration fil* a-Hdg,, 4 ng% /1)4 in general.

3.38. The twisted g-Hodge filtration (globally) — Choose N # 0 divisible by m (we’ll
argue below that the choice of N doesn’t matter). For every divisor d | m and every prime p | N,
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write m = p”P(m)mp and d = p”P(d)dp, where m,, and d,, are coprime to p. Using the animated
version of Lemma 3.15, we obtain a pullback diagram

q- ngz/L 1111 (q’dRR/A g e ™y A[q]>(p 4, (q))
p|N dp|mp o
\ - (O .
1|_[ (q-dRR/A ®IA[q]7wd Aly, q]) (0 H 1|_[ (q-dRR/A ®]A[q],¢d A[q]>p [%]gd(q)
dim. p|N dlm

To construct fil* a-Hdg,, - ng% /34, we’ll equip each factor of the pullback above with a filtration

and then check that these filtrations are compatible.
a) On the factor (¢-dRp/ 4 ®" JA[1/N. q))x for any d | m, we put the base-changed
/A Alq),y ®4(q)
q-Hodge filtration

(6 110z 4R @l o ALy ) Pala)’

(b) On the factor (¢-dRp/a ®a[q],wd Alq))p [1/p, q];d(q) for any prime p | N and any d | m, we
put again the base-changed ¢-Hodge filtration.

(c) On the factor (¢-dRp/4 ®i[q]’wpvp(m)dp A[q])?p,%p(q)) for any prime p | N and any dy, | my,
we put the base-changed filtration

A

(p, @4, (0)

vp(m)
(ﬁlq “Hdgpup(m) (a- ng%/A )) ®A[ IR A[Q])

Moreover, each of these filtrations is canonically a module over the filtered ring (¢" — 1)*A[q].
It’s clear that (a) and (b) are compatible as filtered (¢™ — 1)*A[g]-modules. To check that
(¢) and (b) are compatible, we may reduce via base change to the case where m = p® is a
power of p. From Lemmas 3.36 and 3.37 and our assumptions on ﬁlq _fdg We deduce that both
filtrations can be identified with the combined Hodge and @« (g¢)-adic filtration

AN
ﬁl?Hdg,%a (9)) (dRp/a ®A R A) [ g o (@)
which yields the desired compatibility.
Let us now argue that the choice of N is irrelevant. Suppose N | N’. Then the pullback
diagrams for N’ is obtained from the pullback square for NV by replacing the bottom left corner
[L4jm(¢-dRR/a ®L[ i A[1/N,q])g ®,(q) Py the pullback square

A A

y (0B ®ligy 0 Al chpd(q) IHI (4-R1 &g 0 AL ) (6Ba(a))

J - J

T (a-Rosa @ligg o Aliral),,,  — TIT (07 tRaa ©lig 00 AL ), [
dlm ¢ dlm

where the product is taken over all primes ¢ such that ¢ | N’ but £ { N. Note that for any
vg(m/d)

such prime we also have £ { m, so each vy(m/d) = 0 and so each iterated Frobenius ¢, JA[q]
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is the identity. Moreover, we see that the filtrations we put on the different factors is always
ﬁl;_Hdg, base changed along ¥¢. It follows that the filtrations constructed using N and using
N’ must indeed agree, as claimed. To get a canonical construction, we can let N vary through

a totally ordered initial sub-poset of N (like {n!},>,,) and then take the limit. This finishes the
construction of ﬁl;ﬁHdgm q—ngnL.
The construction is clearly functorial. Using 3.34 and 3.35 we also see that the functor
fiI’ dR™), : AniAlg ¢ — Mod FilD(A[q]))
g-Hdg,, T niAlg’ ™ — Mod gm 1) afq ( Fil D (A[g])

/A (gm-1)

comes equipped with a canonical lax symmetric monoidal structure.

3.39. Proposition. — For all m € N, the equivalence q—ng%/(qm —1) ~ ¢W,,dRR/4
from the animated version of Proposition 3.19 upgrades canonically to an equivalence of filtered
Alq]/(¢™ — 1)-modules

% 104g, a-ARGL /(67 = 1) = il ¢-WndRp 4

(the quotient on the left-hand side is taken in accordance with Convention 3.1).

Proof sketch. We analyse the effect of (—)/(¢"™ —1) on each of the factors in 3.38. For the factors
in 3.38(c), note that (¢™ — 1) and (de(qpvpm)) will only differ by a unit upon (p, ®4,(q))-adic
completion. Then the argument in Remark 3.33 plus base change shows that after modding
out (¢™ — 1) we get

* L A vp (M)
(ﬁl%dgpva) q-Wpepm dR /4 ® Afg)pr A[q]) P /®a, (")

It follows from [Wag24, Lemma 4.36] that fil3 4, (¢-WpdRp, 4)p is indeed a product of factors
of this form.

For the factors in 3.38(a), note that (¢"* — 1) and ®4(¢q) will only differ by a unit after
(—)[1/N ]&\)d(fI). By construction, the ¢g-Hodge filtration becomes the Hodge filtration modulo

(¢ — 1). Thus, after base change along 1%: A[q] — A[q], we get

(80 g QR4 @l g Al ), /() > Bl AR @ o AL

al
It follows from [Wag24, Corollary 3.34] that fily 4, ¢-W;,dRg/4[1/N] is indeed a product of

factors of this form. The same argument applies for the factors in 3.38(b). O
3.40. Remark. — It follows from the proof that the equivalence in Proposition 3.39 is, in fact,
an equivalence of lax symmetric monoidal functors AniAlgfﬂ;Hdg — FilD(A[q]/(¢"™ —1)). Thus,

if (R, il gqg ¢-dRR/4) admits the structure of an Ej,-algebra in AniAlgi{Hdg for any 0 < n < oo,
then the equivalence in Proposition 3.39 will be one of filtered E,-A[q]/(¢" — 1)-algebras.

3.41. Transition maps. — Whenever n | m, there’s a canonical map of filtered objects

(n)

(m) *
15 14g,, q-dRp y — filggyqg, ¢-dRp -

To construct this, we look at the factors of the pullback from 3.38 (we're allowed to use the
same N for both m and n). For the factors from 3.38(a) and (b), we simply project to those
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where d | n. For the factors from 3.38(c), we first project to those where d,, | n, and then we

use the maps from 3.35, base changed along v : A[q] — A[q].

It’s clear from the construction that these maps ﬁlq Hdg,, 4~ ngz /1)4 — ﬁlq “Hdg, I~ dR(n)

assemble canonically into a symmetric monoidal transformation of lax symmetric monoi al
functors. With some more effort, one can also make these transformations functorial in n,m € N,
where N denotes the category of natural numbers partially ordered by divisibility. For our
purposes, the existence of the individual maps is enough, as any lim,,cn can be replaced by
the limit over the sequential subdiagram given by {n!},>1. We will therefore not spell out the
construction of this additional functoriality.

§3.6. Habiro descent for g-Hodge complexes

In this subsection, we’ll finish the proof of Theorem 3.11, following the outline that we have
explained at the end of §3.2.

3.42. The (¢™ — 1)-complete descent. — For all m € N, we consider the colimit
(m) (@™=1) .1 (m) (¢™—1) "
q-Hdgr/a,m = colim ﬁlq Hdg, 4 dRR/A — il 4, G- dRR/A —_— ... 1)’

In the following, we’ll informally write

ﬁlq -Hdg,,

(g™ —1)°

q¢-Hdgr/am ~ q- ngg/L

. 1]
(g™-1)

and we’ll say that ¢-Hdgg/a,,, s given by adjoining (¢™ — 1)~ il Hdg, 1O q—ng&. We'll
also use similar notation and terminology for related filtrations such as the Nygaard filtration
or the combined Hodge and ®4(q)-adic filtration for some d | m.

3.43. Proposition. — Let m € N. For all divisors n | m, the map from 3.41 induces an
equivalence

(q %ng/A m)( n_1) = q- Hng/A n-
In particular, ¢-Hdgg/a ,, is a descent of ¢-Hdgg 4 along Z[q ]( m_1y Zq — 1].

Proof sketch. Again, we look at the different factors from 3.38. Let’s start with those from
3.38(a) for some d | m. If d  n, then ®4(q) and (¢" —1) are coprime in Q[¢] and so the factor will
die after (¢" —1)-completion. Therefore in (¢-Hdgp/, A,m)(Aq"fl) only those factors where d | n will
survive. These are precisely the factors that are also used in the construction of of g-Hdgr /4 -

Moreover, if d | n then both (¢™ — 1) and (¢" — 1) are unit multiples of ®4(q) in Q[q]} J(q) SO it
doesn’t matter whether we adjoin (¢™ — 1)™* filfyg, 5, or (¢" —1)7* ﬁl?Hdg@d(q)) It follows
that on the factors from 3.38(a) we get indeed an equivalence. The same argument applies to
the factors from 3.38(b).

It remains to show that we also get an equivalence on the factors from 3.38(c). So let’s
consider such a factor for some prime p and some d, | m,. Using induction, we may assume
that m and n differ only by a single prime factor. If that prime is different from p, then (¢"™ — 1)
and (¢" — 1) will differ by a unit after (p, ®4,(q))-completion and we can argue as above. So
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assume n = m/p. Via base change along ¥% : A[q] — A[q], we may reduce to the case where
m = p® is a prime power and n = p®~!. From 3.32 we obtain a pullback diagram

A

oy [ e, il
(q—dR(p )) q-Hdg, N 1> O}( S )
b,q -

Eva—— 1 2 0 — q—dR(pa) |:&,
R/A (qp _ 1)7, ](p qpozfl_l) ( R/A) (qp _ 1)7,

s J j

A

[ ﬁllq_’Hdgpaf 1
(¢ — 1)

ozfl)

1 A
120 %(Q‘ngA )|:alj|
](p,qpal—l) / (@ = D) gy

a—1
(q_ng/A ))

To finish the proof, we must show that the left vertical arrow is an equivalence. Since the diagram
is a pullback, it will be enough to show that the right vertical arrow is an equivalence.7)
This is now purely an assertion about the Nygaard filtration. Via base change, we may

reduce to the case @ = 1. This case will be shown in Lemma 3.44 below. O
3.44. Lemma. — The relative Frobenius ¢p/a[q): (q—ng)A); — (q—dRR/A)}A7 induces functo-
rial equivalences
(Q‘ng;A)A [ ﬁlj\/i i 2 O]A — (¢-dRpya).
71 2(9) (p.g—1) ?
W[ fily | ] ~ 017
g-dR {Z (> 0] — (¢-dRp/a [ ~0.
B L P T Tt

Proof. We start with the first equivalence. Since both sides are ®,(q)-complete, it will be
enough to show the equivalence modulo ®,(¢). The same argument as in 3.8 shows

(p) \~ ﬁlﬁ\f
q-dR [ .
( R/A)p q)p (q)z

i > 0] /®,(q) ~ colim (gr?v 2r(0) ars () ) )

The divided Frobenius ®,(¢) "¢,/ [, maps gry, isomorphically onto ﬁlgonj(q—dRR/ 4/®p(q))
(by [BS19, Theorem 15.2] plus quasi-syntomic descent and animation to cover all animated
A-algebras R). Since the conjugate filtration is exhaustive, this shows the first of the two
claimed equivalences.

For the second equivalence, note that the inclusion of the diagonal into any Z-q x Z>o-shaped
diagram is coinitial. Therefore, we can write

@5 (q)

1 PACNY AN

v e

iZO] ~ colim ﬁl?\/mﬁl}vm...

Jen e

(-7 Also note that the bottom right corner vanishes, so it will follow that the top right corner vanishes as well.
But this will be irrelevant for our argument.
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By the first equivalence, the (p,q — 1)-completed colimit of every row in this diagram is
(q-dRp/ 4)p - If we then take the colimit in the vertical direction, the second equivalence follows
and we're done O

3.45. The Habiro descent — Let (R, fil} jj4, ¢-dR/4) be an object in AniAlgngg. We
define the Habiro—Hodge complex of R over A to be

g-Hdgp/a = 7};& q¢-Hdgr/am -

The same argument as in the proof of Proposition 3.7 allows us to equip ¢-Hdg_ JA,m with
a lax symmetric monoidal structure for all m € N; thanks to 3.41, the equivalences from
Proposition 3.43 will be compatible with this lax symmetric monoidal structure. It follows that
there’s a diagram of lax symmetric monoidal functors

gHdg_ja -7 J N

. -Hd N

3.46. Lemma. — The laz symmetric monoidal functor ¢-Hdg_,4: AniAng{Hdg — Dy (A[q))
18, in fact, symmetric monoidal.

Proof. 1t will be enough to show that for all m € N the functor

qg-Hdg_/4/(¢™ — 1)[{(qd - 1)71}d\m,d7§m]

is symmetric monoidal. The same argument as in the proof of Proposition 3.7 allows us to
equip the filtration fil4™"V™®(¢-Hdg /4/(¢™ — 1)) from Theorem 3.11(b) with a lax symmetric
monoidal structure. Symmetric monoidality can then be checked on the associated graded

grd " (¢-Hdg s 4/(¢™ — 1)) ~ 57 ¢-W,,dR* /A~ Bdg, @-WmdR_ /4.

Thus, it would be enough to show that ﬁlﬁtdgm q¢-W,,dR_ 4 is symmetric monoidal. This is not

true on the nose. However, once we invert (¢? — 1) for all divisors d | m, d # m, we claim that
the first ghost map

ghy: ilfqe  ¢-WindR_ /4 — filfia, dR_ )4 ®} ym A[Gn]

becomes an equivalence. If we can show this, we’re done, since the Hodge filtration ﬁl*Hdg dR_ /s
is symmetric monoidal.

To prove this claim, observe that for any ordinary R-algebra A and any d | m, d # m, the
g-de Rham-Witt complex ¢-W4Q7, /A is (¢* — 1)-torsion and so it dies after inverting (¢¢ — 1).
With this observation, a simple comparison of universal properties (compare the argument in
[Wag24, Lemma 4.5]) shows that

gh;: q-WmQE/A[{(qd — 1) Yy, d;ém] = Q%4 ®a,ym A[Crm {(¢h = D) Y am, d;ﬁm]

is an isomorphism of complexes. In particular, it induces an isomorphism on stupid filtrations.
By passing to animations, the above claim about gh; follows and so we’re done. O

At this point, we've assembled all the ingredients to carry out the proof of Theorem 3.11 as
outlined at the end of §3.2, and so the proof is finally finished.

47


https://guests.mpim-bonn.mpg.de/ferdinand/q-Witt.pdf#theorem.4.5

§3. HABIRO DESCENT FOR ¢-HODGE COMPLEXES

§3.7. Habiro descent for g-de Rham complexes

In this short subsection, we discuss to what extent the g-de Rham complex ¢g-dRg,/4 can or
cannot be descended to the Habiro ring. Let’s start with the case that works.

3.47. Proposition. — Let (S, fil} 114, ¢-dRg/4) € AniAng{Hdg be an object such that S is a
smooth A-algebra. Then:

a) q- SA:q—ASA is the completion of ¢-dRg,4 at the q-Hodge filtration fil’ 44, -
Qg dRg, h l f ¢-dRg, he q-Hodge fil fil}, nag
(b)  We have Lngq_y) q-Hdgg/a ~ ¢-Qrya. In particular, Ln_1)q-Hdgg/4 is a Habiro descent
of ¢-8s/a-

Proof. We construct the equivalence ¢-{0g/4 ~ qfcﬁ\{s/ 4 using an arithmetic fracture square.
Let us first construct an equivalence after p-completion for any prime p. Note that the
canonical maps ¢-dRg/4 — ¢-Q2g/4 and ¢-dRg/4 — ¢-dRg/4 become equivalences after p-
completion for any prime p. Indeed, this can be checked modulo (¢ — 1), where we recover
the well-known fact (Qg/4)p =~ (dRg/a)p =~ (&\RS/A)Q. So we obtain the desired equivalence
(4-Qs/4)p =~ (q-dRsya)p -

Let us now construct the equivalence rationally. We know that dRg/ ®% Q— Qg/a ®IZ Q
identifies the right-hand side with the completion of the left-hand side at the Hodge filtration.
Consequently, (dRg/4 ®% Qg — 1]]€Hdg7q71) ~ (Qg/4 ®% Q)[q — 1], which yields the desired
equivalence rationally. The data from Definition 3.2(c,) ensures that the p-complete and
rational equivalences glue, which finishes the proof of (a).

To prove (b), first observe that the natural map q-dRg/a — ¢-Hdgg/4 factors through the
completion at the g-Hodge filtration, because each filtration step ﬁlfl,Hdg becomes divisible by

(g—1)"in q-Hdgg, 4 and ¢-Hdgg, 4 is (¢ —1)-complete. Now consider the map of filtered objects

o+ == q-dRg/y =—— ¢-dRgya —— fil yq, ¢-dRgya —— fil, g, g-dRgya —— -+

@2 [ | - |

-1 (g—1)
-« ¢-Hdgg/4 S q-Hdgg/a : q-Hdgg 4 q-Hdgg/g —— ---

We claim that the top row is the connective cover of the bottom row in the Beilinson ¢-structure.
If we can prove this, then [BMS19, Proposition 5.8] will show ¢-dRg/4 =~ Ln,_1)¢-Hdgga,
hence q-Qg/4 ~ L1,_1)q-Hdgg s by (a), as desired. Since Ln_1) commutes with (¢ — 1)-
completion [BMS18, Lemma 6.20], we also deduce that Ln,_1) g-Hdgs, is indeed a Habiro
descent of g-{2g/4.

To show the claim, let us first verify that the top row is indeed connective in the Beilinson
t-structure. We must show that gr;{Hdg q-dRg/4 is concentrated in cohomological degrees < n
for all n. If n < 0, this is clear as then 8Ty nag ¢-dRs/a ~ 0. If n > 0, we have a finite-length
filtration

-1 (¢=1)

(a-1)
0 — g 11z 4-dRsya —— 145 ¢-dRs)a 21y 1ag 4-dRg/a -

The " graded piece of this filtration is Z_ng /A by Lemma 3.9, which is concentrated in coho-
mological degree i. Hence ng_Hdg q-dRg/ 4 is indeed concentrated in cohomological degrees < n
and so the top row is Beilinson-connective.
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Moreover, the argument shows that gry 14, ¢-dRsja — ¢-Hdgg 4 /(¢ —1) induces an equiva-
lence gry 14, ¢-dRgja ~ 7S"(¢-Hdgg)4/(q — 1)). By [BMS19, Theorem 5.4(2)], this shows that
the map from the top row to the Beilinson-connective cover of the bottom row is an equivalence
on associated gradeds. As both filtered objects are complete, we're done. O

Let us now discuss what probably doesn’t work.

3.48. Remark. — For an arbitrary object (R, fil} jjq, ¢-dRR/4) in AniAlg?&Hdg, without a

smoothness assumption on R, we don’t know how to construct a Habiro descent of ¢-dRp 4. A
[m]§

naive guess would be
A
1> O] ,
(g™-1)
(m)

but this object doesn’t exist, since ﬁl;—?—[dgm q-dRj /A is only a filtered module over the filtered

%
ﬁlqj}{dgm

s ap(m)
i T

ring (¢ — 1)*A[q], but not necessarily over [m]7 A[q].

3.49. Remark. — We also don’t expect that the Habiro descent of g-{2g,4 in Proposition 3.47
can be constructed without the datum of a ¢-Hodge filtration ﬁl;_Hdg q-dRg/4, let alone
functorially in .S. While it seems hard to get any definite no-go theorem, let us at least explain
why the most natural attempt doesn’t work.

In Remark 3.18, we’ve explained an attempt to construct a filtration ﬁlﬁ7 q—Q(;/g: Each
L[ q), carries a natural filtration via [BMS19, Proposition 5.8]. If these filtrations could be
glued to give the desired ﬁlin, we could attempt to construct a Habiro descent of ¢-Q2g/4 via

(m) [ filt, o] .
(1)

lim q_QS/A ]
q

meN
However, the filtrations on Lnj,, 4], do not glue. This can already be seen in the case m = p.
In this case we have a pullback diagram

A

[Plq

Q‘ng/)A <q_QS/A ®1A[q]?¢p A[Q])

J . J%/A[q]

L), (a-s/4)))

Lipgp), a-$2s/a

A

The filtration on Lyyy), =~ id is trivial. But the trivial filtration on (¢-Q2g/4 ®i[q]7wp A[q])[p]q
will not be compatible with the natural filtration on Ly, (g-g/ A)p > S0 gluing fails.

To make the gluing work, we should instead equip (g-€2g/4 ®a[q]7 P A[q])fp]q with a global
version of the Nygaard filtration. But such a global Nygaard filtration likely doesn’t exist. To
see this, let’s attempt to construct it via an arithmetic fracture square. On the p-completion
(g-s/a ®i[q]7 WP A[q])(An [p],) We put the usual Nygaard filtration. In view of Lemma 3.29, on
the rationalisation we should put the combined Hodge and [p],-adic filtration. But then on the
{-completion (g-$2g/4 ®i[q]’ P A[q])&’ olo) for any prime £ # p, we would need to put a filtration
that becomes the combined Hodge and [p]q-adic filtration after (—)[1//] ao]q'

It is entirely unclear (at least to the author) how to construct such a filtration, unless we're
already given a ¢-Hodge filtration ﬁl;_Hdg q-dRg/4. This explains the need for the additional
datum of filj 4, ¢-dRg/a-
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§3.8. Habiro descent in derived commutative algebras

Raksit [Rak21] has introduced oco-categories of derived commutative algebras, along with filtered,
graded, and differential-graded variants. The filtrations fﬂ;{dgm q¢-WdRpg 4 admit canonical
filtered derived commutative A[q]/(¢™ — 1)-algebra structures (if R is a polynomial A-algebra,
these structures can be constructed on the level of complexes, then one can pass to animations)
and the Eoo-structure on the derived g-de Rham complex g-dRg/4 can be canonically enhanced
to a derived commutative A[g]-algebra structure (see A.13).

In this subsection, we sketch how Theorem 3.11 can be made compatible with these derived
commutative structures. As a warm-up, let us instead consider [E,-monoidal structures for
some 0 < n < oo.

3.50. E,-monoidal upgrade. — Let (R, fil; yq, ¢-dRg/a) € AniAlgj{;Hdg. Suppose that

the ¢g-Hodge filtration ﬁl;_Hdg q¢-dRR/4 can be equipped with the structure of an E,-algebra
in filtered (¢ — 1)*A[g]-modules, compatible with the E..-A[q]-algebra structure on ¢-dRp/ 4.
Suppose furthermore that the data from Definition 3.2(a)—(¢,) can be made compatible with
this E,-structure. Then (R, fil} 14, ¢-dRg/4) becomes an E,-algebra in AniAlgz{Hdg.

By the symmetric monoidality statement in Theorem 3.11(a), we can conclude that the
Habiro-Hodge complex ¢-Hdgpr 4 becomes an Ej-algebra in ﬁ%(A[q]). Similarly, the lax
symmetric monoidality statements in Theorem 3.11(b) show that fild"V"?(¢-Hdgp /a/(@™ —1))
becomes a filtered E,-algebra and the identification of its associated graded

grd " (g-Mdgp 4/ (" — 1)) =~ £ a-WidR% 4 ~ 154, ¢-WimdRR/a
becomes a graded [E,-monoidal equivalence.

3.51. Derived commutative upgrade I. — Similar to 3.50, suppose that ﬁlngdg q-dRp/a
can be equipped with the structure of a filtered derived commutative algebra over (¢ — 1)*A[q],
that is, an element in the slice oo-category (FilDAlgg)(g—1)+4[q)/» Where FilDAlg g is
Raksit’s co-category of filtered derived commutative A[g]-algebras [Rak21, Definition 4.3.4].
Suppose furthermore that this derived commutative structure is compatible with the derived
commutative A[g]-algebra structure on ¢-dRp/4 (see A.13) and that the data from Defini-
tion 3.2(a)(¢p) can be made compatible with the filtered derived commutative algebra structures
everywhere.

For example, this can be done in the special cases from Example 3.12 above and Construc-
tion 4.28 below. In the former case, we’ll verify this in [Wag25, Remark 6.27], in the latter
case see Remark 4.31.

3.52. Lemma. — In the situation of 3.51, q-Hdgr/a admits a canonical derived commutative

Alq]-algebra structure. Furthermore, for all m € N, ﬁlz’WmQ(q—Hng/A/(qm — 1)) admits
a filtered derived commutative Alq]/(¢™ — 1)-algebra structure, compatible with the derived
commutative Alq]/(qg™ — 1)-algebra structure on ¢-Hdgp/4/(q™ — 1), and the equivalence

grf{:w’"g (q—Hng/A/(qm — 1)) ~ Y q—WdeE/A ~ gr;‘{dgm ¢WmdRp/a
from Theorem 3.11(b) is an equivalence of graded derived commutative A[q]/(¢™ — 1)-algebras.

Proof sketch. First note that our results about the Nygaard filtration, specifically Proposi-
tion 3.22 and Lemma 3.29, also hold true as equivalences of filtered derived commutative
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algebras, since the proofs work in this setting as well. By tracing through 3.32-3.41, we now
see that each ﬁl;ﬁH ds,, qdegr/LL acquires a filtered derived commutative algebra structure over
(g™ — 1)*Alq], and that the transition maps in 3.41 are compatible with these structures.
The construction from 3.42 produces a canonical derived commutative algebra structure on
HR/a,m, because we can view the construction as a filtered localisation followed by restriction
to filtered degree 0; compare 3.8. It is then clear from 3.45 that g-Hdgpr 4 acquires a derived
commutative A[q]-algebra structure. Moreover, since the filtration fil¢™" ™% (¢-Hdg » /a/(@" 1))
and the identification of its associated graded were constructed in a completely way (see the
proofs of Lemmas 3.9 and 3.10), they will also work on the level of derived commutative algebras.
The only input this needs is that Proposition 3.39 holds as an equivalence of filtered derived
commutative A[q]/(¢"™ — 1)-algebras, which is again apparent from the constructions. O

But there’s one more piece of structure.

3.53. Derived commutative upgrade II. — Since q—WmQ*_/A is a functor with val-
ues in commutative differential-graded A[q]/(¢™ — 1)-algebras, we see that its animation
X* ¢-W,,dR* /A = gry, dg,, q¢-WdR_ 4 upgrades to a functor with values in Raksit’s oco-
category DG DAlg g[41/(qm—1) of derived differential-graded A[q]/(¢™ — 1)-algebras [Rak21,
Definition 5.1.10].

By transfer of structure, the associated graded grﬁfwmﬂ(qudg r/a/(q™ — 1)) becomes an
element in DG_ DAIg 5(41/(qm—1) as well. Via the following corollary, we can figure out what
the differentials are, at least in the case where R is smooth over A.

3.54. Corollary. — Let (S5, ﬁl;—Hdg q-dRg/4) € AniAng{Hdg be an object such that S is smooth
over A. Then:

(a) ﬁlz’WmQ(q—Hng/A/(qm — 1)) is the Whitehead filtration 7>.(¢-Hdgg/a/(q™ — 1)).

(b) The equivalence from Theorem 3.11(b) becomes an isomorphism of graded Alq]/(¢™ — 1)-
modules

H*(¢-Hdgg/a/(@™ — 1)) = ¢-Win Q54

(and an isomorphism of graded Alq]/(¢™ — 1)-algebras as soon as (S, fil] 4, ¢-dRs/4) 4s

at least an Ey-algebra in AniAlg?"8).

(¢) Under the isomorphism from (b), the canonical differential on Wil , corresponds to
the Bockstein differential on H*(¢-Hdgg/a/(¢™ — 1)).

Proof. We’ve seen in Corollary 3.31 that ¢-W,, Q2 /A= q¢-W,,dRS /A for all n. It follows that

each graded piece gr%_WmQ(q—’Hdg s/4/(¢™—1)) is concentrated in cohomological degree n. Since
ﬁlZ’Wmﬂ(q—Hng/ /(@™ — 1)) is bounded below and thus complete, it has to be the Whitehead
filtration. This shows (a) as well as the graded A[q]/(¢"™ — 1)-module isomorphism from (b).
The isomorphism as graded A[q]/(¢™ — 1)-algebras follows from 3.50.

It remains to show (c¢). Similar to the proof of Lemma 3.9, let us identify the filtered ring
(g™ — 1)*A[q] with the graded ring Alq, 5,tm]/(Btm — (¢™ — 1)), where |¢| = 0, |5] = 1, and
|tm| = —1.3%) The filtered structure comes from the A[t,,]-module structure. In particular,
modding out t,, is the same as passing to the associated graded. Let us also regard the

381 [Wag25], we'll recognise Z[q, B, tm]/(Btm — (g™ — 1)) = 74 (ku®m).
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filtrations filf 3,4, ¢- ng/,Zl and fil} 4, ¢-WpdRg,4 as graded Alg, B,tm]/ (Bt — (¢™ — 1))-
rr.lodules fil} 314, and fil3;4,. Finally, let us denote by 8~*A[S] the ascendingly filtered graded
ring

B A[8] = (- 5 AlBI(1) 5 A[81(0) - A[B)(-1) L - ),

As explained in the proof of Lemma 3.10, the filtration ﬁli‘WWQ(q—Hng/A/(qm — 1)) can be
written as follows:

18 (g-Hdggya/ (¢ = 1)) = (61 314 /tm @ips) B ALB]),

(note that * on the right-hand side refers to the graded degree whereas * corresponds to the
filtration degree). Now consider the Bockstein cofibre sequence for fil} 5,4, /tm. It fits into a
commutative diagram of graded Algq, ,tm]/(Btm — (¢"™ — 1))-modules

ﬁlq Hdg( 1)/tm q Hdg /t - ﬁl;?-ldg /tm
’BT 41)
filg 3ag /tm

If we apply (— ®i[5] A[B*!])o to this diagram, the left vertical arrow becomes an equivalence
and so the cofibre sequence from the top row will become equivalent to the Bockstein cofibre
sequence

m ( m_l) m m
q-Hdgpa/(@" — 1) ~— ¢-Hdggr/a /(@™ — 1) — ¢-Hdgg/a/(" — 1).

If we apply (— ®IA[5] B~*A[B])o to the top row, we get a filtration on this cofibre sequence.
By (a), this filtration will be of the form

T (g Mg a /(0" — 1)) — (Bl g /12, @y B AIB])y — 7 (g-Hdgs /(g™ — 1))

where (filg3/ag /12, ®i[ﬁ] ﬁ_*A[ﬁ])O is an ascending filtration on ¢-Hdgg/4/(¢™ — 1)? that lies

<x <x+1

between 7S and 7 . After passing to associated gradeds, the connecting morphism will

then necessarily be the usual Bockstein differential

H* (¢-Hdggya/(¢™ — 1)) — H** (¢-Hdgga/(¢" — 1))

On the other hand, the associated graded of 37*A[3] is given by @,., A(—i). If we apply
(— ®IA[5] @,cz A(—1))o to the top row of the diagram, we get the Bockstein cofibre sequence

ﬁlf)‘{dg(_l)/tm t_m> ﬁl:;-[dg /t12n - ﬁlj}k—[dg /tm ’

because ﬁlHdg S ﬁlq Hdg /B by Proposition 3.39. Since ﬁlHdg q-W,,,dRR, 4 is the stupid filtration
on the complex ¢-W,,Q7, A0 the differential of ¢-W,,, 27, /4 agrees with the connecting morphism

for the Bockstein cofibre sequence of fily, 4, /tm. This finishes the proof of (c). O
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§4. Functorial g-Hodge filtrations

Fix a perfectly covered A-ring A. We've seen in Lemma 3.3 that it’s impossible to get a
functorial g-Hodge filtration for all animated A-algebras, or even just for smooth A-algebras.
Despite this general no-go result, we’ll see in this section that functorial g-Hodge filtrations
exist for fairly large full subcategories of AniAlgy.

A further ample source of examples comes from homotopy theory and will be discussed at
length in the companion paper [Wag25].

§4.1. Functorial g-Hodge filtrations away from small primes

In this subsection, we’ll give an elementary construction of a functorial ¢-Hodge filtration on
certain smooth A-algebras. In the introduction (see 1.14), we’ve already explained the idea in
the case of relative dimension < 1. The general case follows the same simple idea.

4.1. Canonical g-Hodge filtrations I. — Let S be smooth of arbitrary dimension over A
and let n be a positive integer such that all primes p < n are invertible in S. This assumption
ensures that the canonical map ¢-Q2g/4 — 25,4 factors through an Eo.-A[q — 1]-algebra map

q-Qs/4 — Qgyallg —1]/(¢ —1)".

Indeed, by construction of the global g-de Rham complex (see Construction A.12), it’s enough
to check this after completion at any prime p. In general, (¢-Qg/4)p — (Qg/4)p factors through
(¢-Qs/4)p — (Qs/a)pla —1]/(¢ — 1)P~! by Lemma A.6. For primes p > n, this does what we
want. For p < n, our assumption on S ensures that (¢g-2 s/ A)zl; vanishes, so this case is fine too.

Let us now equip Qg/4[q — 1]/(¢ — 1)" with the following filtration: We first define
{ilf1ag,-1) 2syale — 1 = (filfiqy s/a ®% (¢ — 1)*Z[q — 1])(,_y) to be the combined Hodge
and (¢ — 1)-adic filtration, as usual. We then let filfyyy, .1y Q2s/4[q —1]/(¢ — 1)" denotes its

reduction modulo (¢ — 1)", which we regard as an element in filtration degree n.*1) We may
then form the following pullback of filtered objects in degrees < n:

ﬁlffdg,n q-Qs/4 q-Qg/4

| - J

AL, 1) Qs/ale —11/(g = V)" —— Qg/ale—1]/(¢—1)"

Here ﬁlﬁggq_l) Qg/alq —1]/(q — 1)" denotes the restriction of the to degrees x < n; more
precisely, we apply the truncation functor 7, from Lemma 4.2 below.

We then wish to extend ﬁl;i?dg, » 42s5/4 to degrees x > n + 1. Intuitively, this should be
done via the (¢ — 1)-adic filtration (¢ — 1)* 7" filj g4, , ¢-$25/4 as in 1.14. To do this formally
and make the resulting filtered (¢ — 1)*A[q — 1]-module structure apparent, we need to show a

technical lemma.

4.2. Lemma. — Let Fil*° D(Z) denote the full sub-co-categories of filtered objects that are
constant in filtration degrees x < 0. Let Fill0:n] D(Z) C Fil?°D(Z) denote the full sub-oo-
category of filtered objects that also vanish in filtration degree x > n + 1.

(4-18aid differently, we wish to equip Z[g—1]/(g—1)" with the finite filtration given by (¢—1)'Z[¢—1]/(¢—1)"
in degree i. This is not the (¢ — 1)-adic filtration in our sense, since the latter would be Z]g — 1]/(¢ — 1)" in
every degree, with transition maps given by multiplication by (¢ — 1).
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(a) The inclusion Fill%™ D(Z) — Fil*° D(Z) has a left adjoint *, which on objects is given
by replacing all filtration degrees x = n+1 by 0. Moreover, if ﬁl* M and fil* N are filtered
Z-modules, the canonical map

(Y M ®F 7 (fl* N)) — 7 (fl* M ®F fil* N)

is an equivalence. Consequently there’s a canonical way to equip Fill0-n] D(Z) and the
functor T : FiIZ° D(Z) — Fill"™ D(Z) with symmetric monoidal structures.

(b)  For any filtered Foo-algebra T € CAlg(Fil?° D(Z)), the induced symmetric monoidal
functor

7% Modr (Fil?° D(Z)) — Mod .+, (Fil" D(2))
admits an oplax symmetric monoidal left adjoint

77 Mod .z (Fill®™ D(Z)) — Modr (Fil*° D(2))
(if T is clear from the context, we’ll often just write T, ).

(¢) Let Ty — Ty be any map in CAlg(Fil*°D(Z)) and let il* M € ModTﬁT(Fil[O’"]D(Z)).
Then there’s a natural equivalence

T (61" M @y, ThT2) — 70 (61 M) @1, T

Proof. We start with (a). It’s straightforward to see that 7,° exists and is given as claimed.
To show the equivalence, since 7,¥ and the inclusion preserve colimits, it will be enough
to check the case where fil* M ~ Z(i) and fil* N ~ Z(j), where i,j > 0. If j < n, then
THZ(j) — Z(j) is an equivalence and the claim is clear. If j > n + 1, then we must check that
THZ(1 + j) — 7 Z(i 4+ n) is an equivalence. This is clear as both sides are just Z(n). The final
claim in (a) is general abstract nonsense about symmetric monoidal structures on localisations
(see [L-HA, Proposition 2.2.1.9] for example).

Let us now prove (b) and (c) simultaneously. For any map 71 — T in CAlg(Fil*° D(Z,)),
the diagram

Modr, (FiI*° D(Z)) —— Mod., .+, (Fill®" D(Z))

| J

Modg, (Fi** D(Z)) — Mod, sy, (Fil" D(z))

commutes. In the special case where 17 = Z is the filtered tensor unit and 75 = T, this
allows us to show that 7*: Modp(Fil*° D(Z)) — Mod,«p(Fill®™ D(Z)) preserves all limits and
colimits. Therefore the claimed left adjoint TT, exists by Lurie’s adjoint functor theorem. By

abstract nonsense, T | will automatically acquire an oplax symmetric monoidal structure. This
shows (b). By passmg to left adjoints in the diagram above, we immediately obtain (c). O

4.3. Canonical g-Hodge filtrations II. — We resume the discussion from 4.1. As we know
now, the pullback defining fl*S" g-Hdg,n 4-$1s/4 can be taken in Mod x((;_1)«A[¢— 1])(F11[ "1 D(7)).
Applying the functor 7, frorn Lemma 4.2(b), we obtain a filtered (¢ — 1)*A[q¢ — 1]-module

(a-1)

We can also take the pullback along ¢-dRg/4 — q-{25/4 to construct ﬁl;_Hdgm q-dRg/4 (in order
to be in line with Definition 3.2).

fil} Hagn 4-2s/4 = Tn,! (ﬁlfﬁldg,n Q’QS/A)
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4.4. Remark. — If S satisfies the assumptions of 4.3 and is additionally equipped with an
étale framing O0: A[z1,...,x,] — S, then there exists an equivalence of filtered (¢ —1)*AJg—1]-
modules

15 Hag,n 4-s/a — Alg Hag, 04254 0
between the ¢g-Hodge filtration from 4.3 and the one from Example 3.12. Indeed, we observe
fil*sr - Hdgn 4Sks/a = T, v (17 pag,0 4925 S/A, ), since both sides fit mto the same pullback diagram
by construction. Since 7,1 was defined as a the left adjoint of 7,;, we obtain the map above.
To see that it is an equivalence, we may reduce modulo (¢ — 1), Where we get the identity on
filfqg (25/4 by inspection and Lemma 4.6 below.

4.5. Remark. — Here’s another way to do the construction from 4.1 and 4.3. Fix a
prime p. Recall that Bhatt—Lurie [BL22a, Construction 4.8.3] have defined a p-de Rham
complex p-Qg ,/A,- Explicitly, it is the homotopy-fixed points of the action of u,—1 C Z, on
(¢-Qg/a)p. Here u € Z) acts on the prism (Zy[q — 1], [ply) via g — ¢*, which induces an action
of Z on (¢-Q2g/4)p via the comparison with prismatic cohomology (Theorem A.1(b)).

We can then define ﬁl*<1_?dg "
canonical map p-Qg, /i, — (Qg/a)p (no combined Hodge and (¢ — 1)-adic filtration is needed
here), extend via 7,1, and then finally base change to (¢ —1)*Z,[¢q — 1] to define a p-completed
g-Hodge filtration fil} 4, ,,(¢-25/4)p -

These filtrations for all p can be glued with the combined Hodge and (¢ — 1)-adic filtration
on (£2g/4 ®% Q)[g — 1] to get the same filtration i} Hagn ¢-2s/a as in 4.3. We prefer the
construction in 4.3, since spelling out the gluing argument is a bit of a pain.

p-25,/4, as the pullback of the Hodge filtration along the

4.6. Lemma. — With notation as in 4.1, assume additionally that dim(S/A) < n. Then
ﬁlq,Hdg,nq dRg/a can naturally be equipped with the structure of a q-Hodge filtration as in
Definition 3.2.

Proof. In the following, we’ll regard (¢—1) as sitting in filtration degree 1, as per Convention 3.1.
We first compute

A1} g ¢-Qsa/ (g — 1) ~ 77 (ﬁl* Hotgn 4574 ©F ¥ ((¢—1)*Z[q—1]) Z)

~ 7o T (Al Q/a)
= ﬁlﬁdg QS/A .

In the first equivalence we apply Lemma 4.2(c) to (¢ —1)*Z[g— 1] — Z. The second equivalence
follows by construction. To see the third equivalence, first observe that the Hodge filtration
filfqg 25/ is already contained in Fill®" D(Z) because we assume dim(S/A) < n. Since the

right adjoint of 7*: Fil*° D(Z) — Fillo:n] D(Z) is fully faithful, so is the left adjoint 7Z,, which
yields the third equivalence. Similarly,

(617 g, 4574 ®F Q) 1) = T ((ﬁlq g n - 25/1 @ Q)Aw))
~ Ty, ((ﬁlHdg Q74 ®% 7 ((¢ — 1) Qg — 1]]))(q 1 )
~ ﬁl?Hdqu_l) (QS/A Q% Qg —11.

The first equivalence is Lemma 4.2(c) applied to Z — Q. For the second equivalence, we
apply (— ®% Q)(Aq_l) to the pullback defining ﬁl;—Hdg,n q-Qg/4 in 4.3 and use the fact that
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(-s/4 ®F Q)(Aq_l) ~ (Q2s/4 ® Q)[q — 1]. The third equivalence is Lemma 4.2(c) applied to

Z — (q¢—1)*Q[g —1].
In a completely analogus way, we obtain natural equivalences

il magn (0-Qsa) ) [5]1-1) — Allmag.q-1) (s7a),, [511a = 1]

for all primes p. Via pullback along ¢-dRg/4 — ¢-{25/4, we obtain analogous equivalences for
fil}, Hdg,n 4-dRs/a. The required compatibilities from Definition 3.2 can all be induced from
those for ¢-dRg/4, and so ﬁl;_Hdgm q-dRg/4 can indeed be equipped with the structure of a
g-Hodge filtration. O

4.7. Lemma. — With assumptions as in Lemma 4.0, ﬁl;—Hdg,n q-S2g/a is automatically the
completion of fil} yqg ,, ¢-dRs/a-

Proof. By Proposition 3.47, g-{1g, 4 is automatically the completion of g-dRg/4 at the filtration
ﬁlq Hdg,n 4-dRs/a. Since ﬁlq fdg,n 4-ARs/a 1s defined as the pullback of ﬁlZ—Hdg,n q-$2g/4 along
q-dRg/4 — q-§2g/4, the desired assertion follows. O

We will now make the construction from 4.3 functorial.

4.8. Functoriality across dimensions. — For all non-negative integers n and d let
Sm? Alnt-1] be the category of all smooth A-algebras S of relative dimension dim(S/A) < d such
that all primes p < n are invertible in S. Then 4.3 and Lemma 4.6 provide us with a functor

(=815 g g-dR-ya) - ST,y — AniAlgy ™.

We let Smjﬁhm!,l] C Smy4 be the full subcategory spanned by Udgn Smj?d!,l] and we put

Sm g[dim!-1] = USm Aldim!—1] *
n=0

Our goal is to show that the functors above for varying n combine into a single functor defined
on all of Sm 4[gip-1]- This will be achieved by the technical Lemmas 4.9 and 4.10 below.

4.9. Lemma. — For alln > 0, the following diagram is a pushout of co-categories:
< <n+1
Sy (n41)1-1) > SM 1y
Lo
<n+1
Sm Aldim!—1] Sm.y Fdlm' 1]
Proof. Let P denote the pushout. Since the diagram above commutes, we get a functor
P — Sm<?dfél, - This functor is clearly essentially surjective. To show that it is fully faithful,

we must show that
Homp (51, S2) — Homg_<nt1 (51, 52)

A[dim!—1]
is an equivalence for all S1, S € P. We may assume without loss of generality that S; and S5

are the images of objects in Smj?dim!,l] or Smjﬁ:il)!,l].

o6



§4.1. FUNCTORIAL ¢-HODGE FILTRATIONS AWAY FROM SMALL PRIMES

By an observation of Maxime Ramzi [Ram], fully faithful functors are preserved under
pushouts. Since both legs of our pushout are fully faithful, the claimed equivalence is clear if
S1 and S5 come from the same cofactor. It remains to deal with the following two cases.

Case 1: S7 € Smj?dim!_l] and Sy € Sm<7[l(+}rl)!_1]. Observe that the fully faithful functor
<n
SmA[(n+1)!—1] Sm A[dim!-1]

has a left adjoint given by localisation at (n + 1)!. It follows formally that Sm<?d+§l, = P

also has a left adjoint and that the diagram of left adjoints is still a pushout (and in particular
commutative). Indeed, we can simply define unit and counit by taking the pushout of the
original unit and counit; the triangle identities will automatically be satisfied. Therefore, we
can replace S1 by S1[(n + 1)!71] and thus reduce to the case where S; and S, come from the
same cofactor.

Case 2: Sy € Sm3(t 1), 1) and S € Sm3y Aldimi 1)
is not invertible in S3; otherwise we would be in a case already covered. But then

We may additionally assume that (n+1)!

HomS <ntl (S1,52) ~ 0]

Aldim!—1]
and so the map in question must be an equivalence, since only () maps to . ]
-Hd
4.10. Lemma. — For all n > 0, in the co-category of functors Sm Allns1y-1] — AniAlg? ™,

there exists a natural equivalence

(_7 ﬁl;—Hdg,n q_dR—/A) = (_’ ﬁl;—Hdg,n—I—l q_dR—/A) :

Proof First observe that every morphism in Fil?° D(Z) that is sent to an equivalence by

5 FiPD(Z) — Fill®™ D(Z) is also sent to an equivalence by 7*. Since 7* 41 is a symmetric
monoidal localisation, there exists a unique (up to contractible choice) symmetric monoidal

functor 7,7, ; such that
Fil*° D(Z) Fill>™ D(z)
T:+1J //’/*/
- 7—n,n+1
Fill>" 1 p(z)

commutes. Moreover, arguing as in Lemma 4.2(b), we see that for any filtered E.-algebra
T e CAIg(FiPO D(Z)), the induced symmetric monoidal functor

Tons1: Mod s (FillP T D(Z)) — Mod o (Fill®™ D(2))
admits an oplax symmetric monoidal left adjoint
Tpnt1,t: Mod s (Fill*™ D(Z)) — ModT*HT(Fil[O’"H] D(Z)).

Let us now apply this in the case where T'= (¢ — 1)*A[¢ — 1]. Let S be a smooth A-algebra
such that dim(S/A) < n and all primes p < n + 1 are invertible in S. Plugging the canonical
projection filfy, . 1)(2s/alq — 1] /(¢ — Hnth) — filliag,q—1)(2s/alg — 1] /(¢ — 1)") into the
pullback from 4.1, we obtain a morphism

*<n+1
L fil

n n+ q-Hdg,n+1 q- QS/A - ﬁlq Hdg,n q- QS/A :
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Applying Tn,](—)z\q_l) on both sides and using the counit 7, 41107 ,,1 = id, we obtain a
canonical zigzag

= <n+1 ~
ﬁl;—Hdg,nJrl q-Sds/a < T, (T:,nﬂ ﬁl;l?dg,nJrl q‘QS/A> 1 - ﬁl;—Hdg,n q-Ss/a

A
(a—
It is now straightforward to check that both morphisms are equivalences. Indeed, everything is
filtered (¢ — 1)-complete, so we may check this after reduction modulo (¢ —1). For the outer two
terms, the reduction is ﬁlfldg Qg4 by the calculation in the proof of Lemma 4.6. An analogous
calculation shows that the inner term also becomes ﬁl*Hdg 2g/4 and that the morphisms become
the identity.

The zigzag above provides a functorial equivalence fil} yq, ;11 ¢-2— /4 = fil} yag , -2 /a-
Taking the pullback along ¢-dRg/a — q-{25/4, we get what we want. ]

In total we’ve shown:

4.11. Theorem. — Let A be a perfectly covered A-ring and let S be a smooth A-algebra such
that all primes p < dim(S/A) are invertible in S. Then q-dRg 4 admits a canonical q-Hodge
filtration. More precisely, there exists a functor

(= i1} t1ag AR /) : Smafaipm-1 — AniAlgh "

which is a partial section of the forgetful functor AniAlgi{;Hdg — AniAlgy.

Proof. This is the quintessence of 4.1-4.10. O

4.12. Monoidality. — We wish to study to what extent the g-Hodge filtrations from 4.3 can
be equipped with multiplicative structures. To this end, it would be nice to equip the functor
from Theorem 4.11 with a symmetric monoidal structure. This is made complicated by the
following issue:

(N Sm A[qim!-1] 5 not closed under tensor products in Smy and we don’t see a way of equipping
it with a symmetric monoidal structure.

To address this problem, let Sm% — Fin, be the co-operad associated with the symmetric
monoidal structure on Sm 4. We define a sub-oo-operad Sm(f[ ] - Sm(:? as follows:

dim!—1
(a) An object (Si,...,S;) € SmY in the fibre over (i) € Fin, is contained in Sm g[qimt-1] if
and only S, ...,S; are all contained in Sm ggimi-1]-
(b) A morphism (Si,...,85;) — (S1,...,85}) over a: (i) — (i) is contained in Sm 4pgim:-1]
if and only if both source and target satisfy the condition from (a) and the target
of a cocartesian lift of o with source (S1,...,S;) also satisfies the condition from (a).

Equivalently, we only retain those morphisms that factor through a cocartesian lift of
their image in Fin,.

Let us immediately warn the reader that Smf?[ is not the full sub-oo-operad of Sm%

dim!—1
spanned by the full subcategory Sm gqjm1-1] € Sma, [])recisely because the condition from (b)
yields a non-full sub-oo-operad.

Below we’ll sketch how to make the functor from Theorem 4.11 into a functor of co-operads
(this wouldn’t work if we had used the full sub-oc-operad spanned by Sm A[dim!ﬂ]). Let us

discuss what kind of multiplicative structures this induces on ﬁl;,Hdg q¢-dRg/4. In general,
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any multiplicative structure on S as an object in Sm 4[gjy1-1] Will induce the same kind of
multiplicative structure on fil} 4, g-dRg/4. For arbitrary S € Sm [gimi-1] there’s nothing we
can say. But as soon as all primes p < 2dim(S/A) are invertible in S, the multiplication map
S®4 5 — S is a morphism in Smy[giy-1], and so S will have an Ag-structure in Sm%dim!_l];
that is, a homotopy-unital multiplication. If for some r > 3 all primes p < rdim(S/A) are
invertible in S, then the multiplication will be A,; that is, coherently associative for up to r

factors. A similar analysis works for commutativity.

We’ll now sketch how to make the functor from Theorem 4.11 into a functor of co-operads.
Let us temporarily fix n > 0.

4.13. Lemma. — Let ModT;((qfl)*A[[qflﬂ)(Fil[o’”] D(Z)) be as in 4.3 and equip the full sub-
oo-category of (q — 1)-complete objects ModT;f((q_l)*A[[q_l]])(Fil[o’"] D(Z))(Aq_l) with the (¢ — 1)-
completed tensor product. Then the functor

A

i1} t1ag,n -AR— /4 Smap-1) — Mod, s (1) agg—1p) (Fill" ™ D(Z)) (g—1)

from 4.3 can be equipped with a symmetric monoidal structure.

Proof sketch. From the construction it’s straightforward to get a lax symmetric monoidal
structure. Whether it is symmetric monoidal can be checked modulo (¢ — 1), where we reduce
to the fact that 7, (filjq, dR_/4) is symmetric monoidal. O

4.14. Lax vs. oplax symmetric monoidal functors. — For every symmetric monoidal
oo-category with associated cocartesian fibration C® — Finy, let (C®)Y — Fing® denote the
dual cartesian fibration. Lax symmetric monoidal functors C — D are then encoded as functors
C® — D® in Cat., /Fin,, that preserve cocartesian lifts of inert morphisms, whereas oplax
symmetric monoidal functors are encoded as functors (C®)Y — (D®)Y in Caty/pcp that
preserve cartesian lifts of inert morphisms.

In general, the dual cartesian fibration (C®)¥ — Fin, has a very nice description in terms
of span oco-categories. This is due to Barwick—Glasman—Nardin; see [BGN18, 1.2]. We will now
apply this to the oplax symmetric monoidal structure on

(_7 ﬁl;—Hdg,n Q‘dR—/A) : SIIlA[n!71] — AniAlg‘i‘Hdg

that we obtain by composing the symmetric monoidal functor from Lemma 4.13 with the oplax
symmetric monoidal functor Tmy(—)(Aq_l).

4.15. Lemma. — If p: (S1,...,5}) — (S1,...,S:) is a cartesian morphism in (Sm(j[n!,l])v
such that S,..., 5! are all of relative dimension < n over A, then ¢ is sent to a cartesian

morphism under y y
. -Hd
(Smcﬁ[n!,l]) — (AniAlg?, g’®) .

Proof sketch. This essentially reduces to the observation that whenever a tensor product of
smooth A[n!~!]-algebras S; ®4 --- ®4 S; has relative dimension < n over A, the ¢-Hodge
filtration fil} 4, , ¢-dRs, @ ,..@45,/4 Will agree with

(a-1)

Indeed, this can be checked modulo (¢ — 1), where the desired claim follows using symmetric
monoidality of filjjg, dR_ /4. O

* L L *
<ﬁlfJ-Hdg,n ¢-dRs, /4 ®(g-1)+ afg-1] ** Bg-1)*afq—1] Hlg-Hag,n q_dRSi/A>
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4.16. Corollary. — The functor from Theorem 4.11 underlies a functor of co-operads

Smcﬁ[dim!*l] — AniA]gngg,@? ,

which preserves all cocartesian lifts that exist in the source.

Proof sketch. As in 4.12, we can define a sub-oo-operad smj’[;,@il] C Sm(ﬁ[n!_l] given by those

objects whose entries are of dimension < n and those morphisms that factor through a
cocartesian lift of their image in Fin,. Analogously, we can define (Smjﬁ’ﬁq)v C (Smﬁ[n!,l])v
given by those objects whose entries are of dimension < n and those morphisms that factor
through a cartesian lift of their image in Fing’.

The dualising construction from [BGN18, 1.2] can not only be applied to cartesian fibrations,
but also to (Smjﬁ;!@zl])v, and it is straightforward to check that we get back Smjﬁ%l] in this
case. Moreover, by Lemma 4.15, the functor

<,® v A 109 Hdg,®\V
(SmA[n!,l]) — (AmAlgA )
preserves all cartesian lifts that exist in the source. We may thus dualise via [BGN18, 1.2] to
obtain a functor
<, . -Hdg,
SmA[%!,l] — AniAlgf " ® ®.

Now the oco-operad Smcf[ 4 is built from Smj’[(f!,l] for all n > 0 via a sequence of pushouts

im!—1]
as in Lemma 4.9. Combining this with a straightforward analogue of Lemma 4.10, we can

inductively construct the desired map of co-operads. ]

§4.2. Functorial g-Hodge filtrations for certain quasi-regular quotients

In this subsection, we’ll explain another elementary construction of functorial g-Hodge filtrations.
To this end, let us first fix a prime p and work in a p-complete setting (at the end of this
subsection, we’ll get back to the global case). Throughout this subsection, all (¢-)de Rham
complexes or cotangent complexes relative to p-complete rings will be implicitly p-completed.

4.17. Rings of interest. — Temporarily, A will not be a perfectly covered A-ring, but a
p-completely perfectly covered d-ring, by which we mean a p-complete é-ring for which the map
A — A, into its p-completed colimit perfection is p-completely faithfully flat. Equivalently,
the Frobenius ¢: A — A is p-completely flat (as being faithful is automatic). Since perfect
d-rings are p-torsion free, it follows that A must be p-torsion free too.

Throughout, we will consider p-quasi-lci algebras over A: These are p-complete rings R
for which the cotangent complex Lg/4 (which, by our convention above, we always take to
be implicitly p-completed) has p-complete Tor-amplitude over R concentrated in degree [0, 1].
Additionally, we’ll usually assume that R/p is relatively semiperfect over A: That is, the relative
Frobenius R/p ®4,4 A = R/p is surjective. This forces Q}%/A/p to vanish, so Lg/4 will have
p-complete Tor-amplitude over R concentrated in degree 1.

An important special case are A-algebras of perfect-regular presentation: These are the
quotients R = B/J, where B is a p-complete relatively perfect §-A-algebra, by which we mean
that the relative Frobenius ¢p/4: (B®a,4 A)p — B is an isomorphism, and J C B is an ideal
generated by a Koszul-regular sequence. We’ll sometimes refer to B/J as a perfect-reqular
presentation of R.
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The reason for restricting to rings R as above is the following lemma.

4.18. Lemma. — Let R be a p-torsion free A-algebra such that L, has p-complete Tor-
amplitude over R concentrated in degree 1.

(a) The de Rham compler dRp/a, its Hodge-completion &ﬁR/A, every degree in the completed

Hodge filtration ﬁlfldg &ER/A, and the q-de Rham complex q-dRg/4 are all static and
p-torsion free.

(b)  The un-completed Hodge filtration filjy, dRg 4 is static in every degree if and only if R/p
is relatively semiperfect over A.

Proof. To show that every degree in the completed Hodge filtration is static and p-torsion
free, just observe that the same is true for the associated graded grl"fldg dRpja =~ X7 N Lg A
because our assumption on R guarantees that XLy /A 1s a p-completely flat module over the
p-torsion free ring R. To show that the (¢ — 1)-complete object ¢-dRp /4 1s static and p-torsion
free, it will be enough to show the same for ¢-dRp/4/(q¢ — 1) ~ dRg/4. Now all assertions
about dRp/4 and its Hodge filtration can be checked after base change along the p-completely
faithfully flat map A — Ax.

So let us put Re = (R®4 Axo)p and consider dRp__ /Ao and let Roo = Roo/p. Since Ao
is a perfect -ring, L4z, ~ 0, so we may as well consider dRg__/z,. To see that dRg_, /7, is
static and p-torsion free, it suffices to check that its modulo p reduction dRp_ /7, /p ~dRg__ /F,
is static. The latter admits an ascending exhaustive filtration, the conjugate filtration, whose
associated graded X~* A* Lg_/w, ~ X% A" Lg__ /7, /p is static in every degree since ZflLRw/ZP
is p-completely flat over the p-torsion free ring Ro. This shows that dRg__/r, is indeed static
and we’ve finished the proof of (a).

For (b), we've already seen that dRp_ /7, and the associated graded of the Hodge filtration are
static and p-torsion free in every degree. Hence ﬁlI*_Idg dRp.,/z, is degree-wise static if and only
if it consists of sub-modules of dRg_, z,, which must be p-torsion free too. Thus ﬁlf{dg dRg./z,
is degree-wise static if and only if the same is true for filfag AR R, /2, /P = filjjqg ARE. /F,- In
the case where R, is semiperfect, this holds by [BMS19, Proposition 8.14]. Conversely, assume
ﬁlﬁdg dR%. /F, is degree-wise static. If filly WdRR JF, denotes the Nygaard filtration on the
derived de Rham—-Witt complex, then

fili, WdR%_ /r, /P ﬁlﬁf_l WdRz, /r, =~ filflqs ARE. /¥,

holds for all n by deriving [BMS19, Lemma 8.3]. Inductively it follows that WdRp__ /7, and
each step in its Nygaard filtration must be static too. By definition, filyr WdR%__/F, is the fibre
of
¢
WdR%,, ¢, — WdR%_ 5, — WdARE, /F,/P"

so this composition must be surjective for all n. Then ¢: WdRg__ 5, — WdRE,__ /r, must be
surjective as well. Since WdRg__/r, /p ~dRg__ JF, — Roo is surjective by our assumption that
ﬁlllidg dRE,, /r, is static, we conclude that the Frobenius on R4 must be surjective too. O

4.19. Remark. — In the case where R = B/J is of perfect-regular presentation over A,
everything can be made explicit: dRr/4 ~ Dp(J) is the (p-completed) PD-envelope of J,
the Hodge filtration is just the PD-filtration, and the ¢-de Rham complex ¢-dRg/4 is the
corresponding g-PD-envelope in the sense of [BS19, Lemma 16.10].
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4.20. Remark. — There exist p-complete Z,-algebras whose cotangent complex has p-
complete Tor-amplitude concentrated in degree 1, but whose reduction modulo p is not
semiperfect. For example, if p > 3, the Fp-algebra constructed in [Gul21] can be lifted
in a straightforward way to a p-complete Zy-algebra with this property.

Let us now define a g-Hodge filtration for rings R as in Lemma 4.18.

4.21. Construction. — Suppose R is a p-torsion free quasi-lci A-algebra such that R/p is
relatively semiperfect over A. By Lemma A.4, after rationalisation, dRr/4 and ¢-dRp/4 are
related via a functorial equivalence

¢-dRpyaly] (1) = Reyaly]le - 1]

By Lemma 4.18, both sides are static rings. Let us equip the right-hand side with the combined
Hodge and (g — 1)-adic filtration ﬁl(Hdg g—1) AR a[1/p][q — 1] as in Definition 3.2(c;). This is
a descending filtration by ideals.

We now construct fil} 14, ¢-dRp/4 as the 1-categorical (!) preimage of this filtration under
q-dRp/a — dRp/a[1/p]lg — 1]; in other words, as the pullback

fil7 fag a-dRr/a —— lfjag o1y dRR/A[ la — 11

l : J

q-dRR/a dRp/a[5]la — 1]

taken in the 1-category of filtered (¢ — 1)*A[g — 1]-modules. We remark that fil} y4, ¢-dRp/a
will be a descending filtration of ideals in the static ring ¢-dRpg/4, hence it’s automatically a
filtered Exo-algebra over (¢ — 1)*Afq — 1].

Let us also remark that the canonical projection ¢-dRg/4 — dRp/4 induces a (necessarily
unique) filtered map

Indeed, to see this, we must check that ﬁlHdg dRp/4 is the preimage of filjjy, dRg/4[1/p] under
dRp/a — dRp/a[1/p]. Since any filtration is the preimage of its completion, we may further
replace the Hodge filtration filfjg, dRz/4[1/p] by its completion filfyg, dRz/a[1/p]5 dg- To check
that ﬁlf{dg dRpR/4 is the preimage, it will thus be enough to check that the map on associated
gradeds is injective. Now

E*”/\LR/A - Z*"/\LR/A[;?]

will be injective for all n > 0, because ¥~ A" L R/A 1s a p-completely flat module over the
p-torsion free ring R and thus p-torsion free itself.

In general, the ¢-Hodge filtration from Construction 4.21 will be nonsense. But it does
behave as desired in the following cases:

4.22. Theorem. — Let A be a p-completely perfectly covered d-ring and let R be a p-torsion
free quasi-lci A-algebra such that R/p is relatively semiperfect over A. Suppose that one of the
following two additional assumptions is satisfied:
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(a) There exists a perfect-reqular presentation R = B/J, where the ideal J C B is generated by
a Koszul-regular sequence of higher powers, that is, a Koszul-regular sequence (z{*, ..., x&")
with o; = 2 for all 1.

(b) The ring Ry = (R®a Ax)p admits a lift to a p-complete connective Ey-ring spectrum
SR, satisfying Reo ~ Sgr,, ®s, Zp-

Then fil} yqy ¢-dR R 4 is a g-deformation of filjy, dRr/4 in the sense that the canonical map

from Construction 4.21 induces an equivalence

fil} 1145 ¢-dRg/a/(q — 1) — filfzy, dRp 4 -

Here we take the quotient in filtered (¢ — 1)*Alq — 1]-modules, with (¢ — 1) regarded as an
element in filtration degree 1.

4.23. Remark. — For primes p > 2, Theorem 4.22(b) implies (a). Indeed, if we put
Boo = (B ®4 Ax)p, then By is a perfect d-ring and so it lifts uniquely to a connective
p-complete Eo-ring spectrum. We can then use Burklund’s theorem on E,-structures on
quotients [Bur22, Theorem 1.5] to construct an E;-structure on

Ske =Sp. /(2 ..., z07) .

More precisely, since p > 2, each Sp__ /x; admits a right-unital multiplication (the relevant
obstruction Q1 (x;) is 2-torsion), and so Burklund’s result provides Ei-structures on Sp_/x;"
in Mods,__(Sp), of which we can take the tensor product.

For p = 2, Sp__ /27 still admits a right-unital multiplication (see [Bur22, Remark 5.5]) and
so the same argument shows that Theorem 4.22(b) implies (a) if all a; are even and > 4. It is
somewhat surprising that Theorem 4.22(a) is true without this additional restriction at p = 2.

Before we prove Theorem 4.22, let us discuss two examples.

4.24. Example. — Let A :=Z,{z}, be the free p-complete d-ring on a generator x and let
R = Zy{z}p [z for some o > 1. Then Theorem 4.22(a) will apply as soon as o > 2, but not for
a = 1. So let’s see what goes wrong for & = 1 and how higher powers (or divine intervention?)
fix the issue.

In the case at hand, dRp/4 and ¢-dRpg,4 are the usual PD-envelope and the ¢-PD envelope

P(z7) P(z7) }A
p [p]q (p,q—1)

)

}p and  ¢-Dy = Zp{z}[q — 1]]{

Do = Zyfa}{

respectively. If the ¢-Hodge filtration were to be a g-deformation of the Hodge filtration, then
fil} 1145 ¢-Da would need to contain a lift 7 (%) of the divided power y(z) = 2 /p € filf,, Da.
Certainly, g-D,, itself contains such a lift; namely, the ¢-divided power

P(z)

(a) = P =06,

The problem is that ~,(z®) is usually not contained in ﬁlls_Hdg q-D,. So for the ¢-Hodge
filtration to be a g-deformation of the Hodge filtration, it must be possible to modify ~,(z“) by
elements from (¢ — 1) ¢-D,, to get an element in ﬁl’;_H dg q-D.. As we’ll see momentarily, this is
impossible for a = 1, but it works for o > 2.
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By definition, filj 4, ¢-dRp/4 is the preimage of the combined Hodge and (g — 1)-adic filtra-
tion on Dy[1/p][g — 1]. Since every filtration is the preimage of its completion, we may replace
the latter by its completion, which is the (2%, g—1)-adic filtration on Q,(3(x), §(z), ... )[z,q¢—1].
So our task is to modify v,(x) by elements from the (¢ — 1) g-D, such that the result is
contained in the ideal (z%,q — 1)? C Q,(§(z), 6%(z), ... )z, q — 1].

Write [p]y = pu+ (¢ — 1)1, where w =1 mod ¢ — 1. In particular, u is a unit in g-D,.
In Q,{8(z),6%(x),...)[z,q — 1], we can rewrite v,(z®) as

x*P p ay P -1 —2 (q B 1)}771 p ) o
R (i L B (R R S CRR) R
Here O((q — 1)P) denotes “error terms” which are divisible by (¢ — 1)P. Observe that these
error terms are contained in (z,¢ — 1)P, so we can safely ignore them. Also z®P/[p], is clearly
contained in (2%, q — 1)P. The term (u~! — 1)§(z%) is contained in (¢ — 1) g-Dy, so we can just
kill it. This leaves the term u=2(q — 1)P~1§(2®)/p.

If a = 1, there’s nothing we can do: No modification by elements from (¢ — 1) g-D,, will ever
get rid of a non-integral multiple of §(x), as d(z) is a polynomial variable in Z,{x}. This shows
that for @ = 1, the g-Hodge filtration on ¢-D,, is not a g-deformation of the Hodge filtration.
For a = 2, however, we have §(z?) = 22P§(x) + pd(z)?. Now the term 22P5(z)u=2(q — 1)P~1/p
is contained in (z2,q — 1)? and so

Fa(2%) = 74(2%) = (u™ = 1)8(2?) + u(q — 1)P718(x)?

is contained in ﬁlf;_Hdg q-D, and satisfies 7, () = 2?P/p mod q — 1, as desired. For a > 3, we
can similarly decompose () into a multiple of 2P~ and a multiple of p.

This explains what goes wrong at a = 1 and how the objection is resolved for o > 2. In the
latter case, it is possible to continue the analysis above and construct for all n > 1 a lift of the
divided power 2" /n! that lies in in filj 4, ¢-dRp 4. This is explained in [MW24, §3.2] and
leads to an elementary proof of Theorem 4.22(a).

4.25. Example. — An example for Theorem 4.22(b) that is not covered by Theorem 4.22(a)
is the case A = Zy[z]p, with d-structure defined by §(z) =0, and R = A/(z —1) = Z,. Then A
lifts to the p-complete Eoo-ring spectrum S,[z], and A — R lifts to an Ex-map Sy[z], — S,.
Base changing along Sy[z], — Sp[2'/?™], yields a lift of Ruo, even as an Ey-ring. In this case,
q-dRp/4 is the ¢-PD envelope

2P — 1"
D=zl
Plg (p,q—1)
It can be shown that this ring contains elements of the form (z — 1)(z — q)--- (z — ¢"71)/[n],!
for all m > 1 (see [Wag25, Lemma 6.11] for an argument). After completed rationalisation, these
elements are visibly contained in the ideal (x —1,¢—1)". Hence they belong to ﬁlg_Hdg q-dRp/a
and lift the usual divided powers.

Let us now prove Theorem 4.22. We start with a simple observation, which says that only
surjectivity is critical.

4.26. Lemma. — Let R be a p-torsion free p-quasi-lci A-algebra such that R/p is relatively
semiperfect over A. Then the canonical map from Construction 4.21 induces a degree-wise
injection

fil} ag ¢-dRR/a/(q — 1) = filjq; dRR /4 -
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Proof. We need to check

(¢ — 1) Al o, ¢-dR gy = fil) gag ¢-dRR/a N (g — 1) g-dRpa

for all n. This immediately reduces to the analogous assertion for the combined Hodge and
(¢ — 1)-adic filtration on dRp/4[1/p][g — 1], which is straightforward to check. O

The g-Hodge filtration from Construction 4.21 enjoys a general flat base change property.
This will allow us to reduce the proof of Theorem 4.22 to the case where A is perfect.

4.27. Lemma. — Let R be a p-torsion free p-quasi-lci A-algebra such that R/p is relatively
semiperfect over A. Let A — A’ be a p-completely flat morphism of §-rings, where A’ is also
p-completely perfectly covered, and put R’ == (R®4 A’)p. Then the canonical map

~

(i1 fa ¢-dRR/4 ®% A')(Apyq_l) — i} 1y -dRprjar
is an equivalence.

Proof. This is not completely automatic since we have to be careful with completions. Fix n.
By Remark A.7, the canonical map ¢-dRr/4 — (dRp/4 ®z Q)[g — 1]/(¢ — 1)" already factors
through p*NdRR/A[[q —1]/(g — 1)" for sufficiently large N. Since filj 4, ¢-dRp/a contains
(g —1)"g-dRp /4, We can also express it as a pullback of Alg — 1]-modules

A1 1145 ¢-dR /4 q-dRp/a

J . J

P filfhgg g1 ARpyale = 11/(¢ = 1) —— p~VdRpyale — 11/(q - 1)"

(here the combined Hodge and (¢ — 1)-adic filtration filfyy, , 1) dRr/alg — 1]/(¢ — 1)" is
constructed as in 4.1 above).

It will be enough to show that the pullback is preserved (— ®IA A )(Ap,qil). To this end, let P
denote the derived pullback (that is, the pullback taken in the derived oco-category D(AJg —1]))
and recall that derived tensor products preserve derived pullbacks. It is then enough to check
that (H_1(P) ®Y4 A/)(Ap,qq) is static. We claim that H_;(P) is (¢ — 1)"-torsion and p™-torsion
for sufficiently large m. Believing this for the moment, p-complete flatness of A — A’ guarantees
that H_1(P) ®Y A’ is static. Since it is also p™- and (g — 1)"-torsion, the completion doesn’t
change anything and we’re done.

To prove the claim, observe that the cokernel of ¢-dRg/4 — pNdRp /A must clearly be

pN-torsion. Hence the cokernel of the right vertical map
g-dRg/a — p NdRgalg — 1]/(¢ — 1)"

is p"V-torsion and also (¢ — 1)"-torsion. Since H_(P) is a quotient of that cokernel (explicitly
the quotient by the bottom left corner of the pullback diagram), we conclude that H_;(P) is
p™V-torsion and (g — 1)"-torsion too, as desired. O

Proof of Theorem 4.22. By Lemma 4.26, we only need to check surjectivity. By Lemma 4.27,
we can check this after the p-completely faithfully flat base change A — A, and thus assume
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that A is perfect. Since in this case ¢-dRpr/4 ~ ¢-dRp/z,, we may further reduce to the case
A =7Z,. Then part (b) is a special case of [Wag25, Theorem 4.17].

To show surjectivity in the case of (a), it’ll be enough to show that for each of the generators
of J = (x",...,2%") and all n > 0, the n-fold iterated divided power 7™ (z%*) admits a
lift which lies in the (p™)*™ step of the ¢-Hodge filtration. This reduces the problem to the
universal case A = Zp{x} and R = Z,{z}/x for a > 2. In this case the desired lifts have been

constructed in [MW24, Lemma 3.17]. O

To finish this subsection, we’ll extract a global construction from the above. From now on,
we cancel the assumptions from 4.17 and return to our usual notation, where A is a perfectly
covered A-ring.

4.28. Construction. — Let R be an A- algebra such that for all primes p, R is p-torsion
free, the p-completion R is p-quasi-lci over Ap, and R/p is relatively semiperfect over A We
construct fil} jjq, ¢-dRp/4 as the pullback

fil} Hag ¢-dRR/A H fil} qag ¢-dRR, /A,
p

- |

filHag, 1) (AR R/A ®7 Qg — 1] — filfHag,q—1) (H dRz, /4, ®7 @> lq —1]
p

taken in the co-category filtered Eo-algebras over (¢q—1)*A[g—1]. To see that the right vertical
map in the pullback exists, observe that we’re dealing with two filtrations by submodules,
so there’s only a set-level condition to check, which follows directly from the definition of

ﬁlg_Hdg q—ngp JA,-

4.29. Theorem. — Let A be a perfectly covered A-ring and let QReg? aHde pe the category
of all A-algebras R such that for all primes p, R is p-torsion free, the p-completion Rp is

p-quasi-lci over A,, R/p is relatively semiperfect over jp, and the canonical morphism from
Construction 4.21 induces an equivalence

I} 14g -dRR,/4,/(a — 1) — filfjqy ARR, /4, -
Then Construction 4.28 determines a functor
(= fily gag ¢-dR_/4) : QReg? "* Hdg __, CAlg(AniAlg? Hdg) ,

which is a partial section of the forgetful functor CAlg(AniAlg?, Hdg) — AniAlg,.

Proof sketch. Let us construct the required data from Definition 3.2. In degree 0, the pullback
square from Construction 4.28 becomes the one from Construction A.12, which provides the
datum from Definition 3.2(a). If we reduce the pullback from Construction 4.28 modulo (¢ — 1),
we’ll get the arithmetic fracture square for ﬁlﬁdg dRR/a by our assumptions on R. This provides
the data from Definition 3.2(b). Similarly, if we apply (— ®% Q)(q 1) © or (—)p [l/p] ) to the
pullback, we get the data from Definition 3.2(c) and (c¢,).
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So (R, filj yge ¢-dRR/4) can be made into an object of AniAng{Hdg. Since all constructions
above can also be done on the level of filtered E..-algebras, it immediately upgrades to
an object of CAlg(AniAlg?&Hdg). Finally, all steps of the construction can easily be made
functorial in R. To this end, one writes CAlg(AniAlg?&Hdg) as an iterated pullback of CAlg(—)
of various symmetric monoidal co-categories of filtered objects. We know how to make
ﬁlE‘Hdqu_l)(dRR/A ®IZ Q)[gq — 1] functorial; in the other factors of the iterated pullback, the
objects in question will be 1-categorical in nature, so all functorialities and compatibilities can

easily be constructed by hand. O

4.30. Remark. — Thanks to Theorem 4.22, it’s easy to write down objects of QReg‘i{Hdg.

For example, it contains the category QRegf4 of A-algebras R which are p-torsion free for all
primes p and can be written in the form R = B/J, where B is a relatively perfect A-A-algebra
(by which we mean that the relative Adams operations 9} A B®4,4m A — B are isomorphisms)
and J C B is an ideal generated by a Koszul-regular sequence of higher powers, that is, a
Koszul-regular sequence (z*,...,z%") with a; > 2 for all 4.

4.31. Remark. — We can not only equip ﬁl;‘_Hdg q-dRR/s with a filtered Eo-algebra
structure, but even with the structure of a filtered derived commutative (¢ —1)*A[g — 1]-algebra
as in 3.51, and the various compatibilities all respect this structure.

4.32. Monoidality. — Similar to 4.12, the functor from Theorem 4.29 can be equipped with
an oo-operad structure. To this end, let

QReg’i{Hdg@ C AniAlg®

be the non-full sub-oco-operad spanned by those objects whose entries are all contained in
QRegngg and those morphisms that factor through a cocartesian lift of its image in Fin,
(compare the construction of SmA[dim!_l] in 4.12). »

¢-Hdg

Note that QRegj—Hdg’@ — Fin, is not a cocartesian fibration, because QReg’, is not
closed under tensor products in AniAlg,. The problem is that R; ®a Ry might not be static
or not p-torsion free for some prime p. As we’ll see momentarily, this is the only obstruction.

4.33. Lemma. — Let R, Ry € QReg?&Hdg and put R := R1 ®Y R.
(a) If R is static and p-torsion free for all primes p, then also R € QRegi{Hdg.
(b) In the situation from (a) the canonical map

(a-1) — fil} 1145 ¢-AR /4

(ﬁlg—Hdg q-dRp, /4 ®fy 1)+ apg-1] il -1ag IR, /A)
is an equivalence of filtered Eoo-algebras over (¢ — 1)*Aflq — 1].

Proof. Let p be any prime. Using L 4 ~ (Lg, /4 ®% R2) ® (R ®Y Lg,/4), it’s clear that ﬁbp is
again p-quasi-lci over Ep. Similarly, R/p will still be relatively semiperfect over ﬁp, To show
R e QReg‘ngg , it remains to verify that

Al g ¢-dRR, /4, /(q — 1) — filijg, AR, /4 -

is an equivalence. By Lemma 4.26, only surjectivity needs to be checked. But since we have
filfge dR7, /4, ~ (filjla; dRR, ,/4, ®% filijqg ARR, /4, )p » surjectivity for R follows from the
analogous assertions for Ry and Ry. This shows (a).
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To show (b), we can reduce both sides modulo (¢ — 1) and then once again reduce to the
well-known fact that ﬁlﬁdg dR_ /4 is symmetric monoidal. O

4.34. Corollary. — The functor from Theorem 4.29 underlies a functor of co-operads
QReg!1&® ., CAlg(AniAlg?145)®

which preserves all cocartesian lifts that exist in the source. In particular, when we restrict
to the full subcategory QReg?&Hdg’b C QRegf‘ngg spanned by those R that are flat over A, the
functor from Theorem 4.29 is symmetric monoidal.

Proof sketch. To construct the functor of co-operads, we repeat the argument from the proof
of Theorem 4.29: Write CAlg(AniAlgy,"8)® as an iterated pullback of CAlg(—)® of various
symmetric monoidal co-categories of filtered objects. For ﬁl’(*Hd& q,l)(dR_ /A ®% Q)[g — 1] we
know what to do, for all other factors of the iterated pullbacks the objects in question are
1-categorical in nature, so everything can be constructed by hand.

That all existing cocartesian lifts are preserved boils down to Lemma 4.33(b). Finally, if
Ry, Ry € QReg‘f{Hdg are flat over A, then Ry ®IA Ry will be static and p-torsion free for all p,
so Lemma 4.33(a) implies that the full sub-co-operad of QRegf{{Hdg@ spanned by QRequ*Hdg’|7
will be a cocartesian fibration. Since our map preserves all cocartesian lifts, we deduce that we
indeed get a symmetric monoidal functor

(— £} 145 -dR_/4) - QRegh "5 — CAlg(AniAlgy ). 0

68



Appendix A. THE ¢-DE RHAM COMPLEX

Appendix A. The g-de Rham complex

Let p be a prime. In [BS19, §16], Bhatt and Scholze construct a functorial (p, ¢ — 1)-complete
g-de Rham complex relative to any ¢-PD pair (D, I). This verifies Scholze’s conjecture [Schl17,
Conjecture 3.1] after p-completion, but leaves open the global case. There are (at least) two
strategies to tackle the global case:

(a) One can glue the global ¢g-de Rham complex from its p-completions and its rationalisation
using an arithmetic fracture square.

(b) Following Kedlaya [Ked21, §29], one can construct the global g-de Rham complex as the
cohomology of a global g-crystalline site.

Strategy (a) is what Bhatt and Scholze originally had in mind, but they never published the
argument. It is essentially straightforward, but not entirely trivial. Since all our global con-
structions proceed similarly by gluing p-completions and rationalisations, it will be worthwhile
to fill in the missing details of strategy (a). Our goal is to show the following theorem.

A.1. Theorem. — Let A be a A-ring that is p-torsion free for all primes p. Then there exists
a functor

q-Q_sq: Smy — CA]g(ﬁ(q,l) (A[[q — 1ﬂ)>
from the co-category of smooth A-algebras into the oo-category of (¢ — 1)-complete Eqo-algebras
over Alq — 1], satisfying the following properties:

(@) ¢Q_ja/(qg—1) ~ Qf/A agrees with the usual de Rham complex functor. In other words,
the g-de Rham complex q-§2_ 4 is a q-deformation of the de Rham complex Q”i/A.

(b)  For all primes p, the p-completion
(@-Qya)p > (w614, 10-1]
agrees with prismatic cohomology relative to the q-de Rham prism (A\p[[q — 1], [plq). Here

we denote the p-adic Frobenius twist by (—)P) = (= @4 40 A)p .

(¢) After rationalisation, (¢-Q_ /4 QF Q)E\q_l) ~ (/4 ®F Q)[qg — 1] becomes the trivial q-
deformation.

(d)  For every framed smooth A-algebra (S,00), the underlying object of ¢-Qg;4 in the derived
oo-category of Alq — 1] can be represented as

a-Qs/a ~ Qg0
where q—Qi‘;/Aﬂ denotes the coordinate-dependent q-de Rham complez as in [Sch17, §3].
Moreover, if A — A’ is a map of A-rings such that A’ is also p-torsion free for all primes p,
there’s a canonical base change equivalence
(@924 ®F A) (1) — QU ganr/ar-
Modulo (q — 1) this reduces to the usual base change equivalence of the de Rham complex.

A.2. Remark. — It will be apparent from our proof of Theorem A.1 (and we’ll give a precise
argument in A.13) that the ¢-de Rham complex functor lifts canonically to a functor

A

42 ya: Sma — (DAIgagg1) (1)
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into (¢ — 1)-complete objects of the the oco-category of derived commutative Alq — 1]-algebras
DAlg 4[4—17 as defined in [Rak21, Definition 4.2.22].

A.3. Convention. — Throughout §A, to increase readability and avoid excessive use of
completions, all (¢-)de Rham complexes or cotangent complexes relative to a p-complete ring
will be implicitly p-completed.

§A.1. Rationalised g-crystalline cohomology

Fix a prime p. Then (A\p[[q —1],(g — 1)) is a ¢-PD pair as in [BS19, Definition 16.1] and so
we can use g-crystalline cohomology to construct a functorial (p, ¢ — 1)-complete g-de Rham
complex ¢-{25, 7, for every p-completely smooth A\p—algebra S. We let g-dR_ /7, denote its
non-abelian derived functor (or animation), which is now defined for all p-complete animated
gp—algebras. Observe that animation leaves the values on p-completely smooth ﬁp—algebras
unchanged, as can be seen modulo (p,q — 1), where it reduces to a well-known fact about
derived de Rham cohomology in characteristic p.

Our first goal is to show that after rationalisation derived ¢g-de Rham cohomology is just a
base change of derived de Rham cohomology relative to A,. In coordinates, such an equivalence
was already constructed in [Sch17, Lemma 4.1] (see A.8 for a review), but here we need a
different argument: We want a coordinate-independent equivalence, so we have to work with
the definition of the g-de Rham complex via g-crystalline cohomology.

A.4. Lemma. — For all p-complete animated Ep-algebms R there is a functorial equivalence
of Exo-(Ap ®z Q)[q — 1]-algebras
A

(q‘dRR/ﬁp ®7z @) (—1) = (dRR/ﬁp ®7 Q) [q—1].

Proof. By passing to non-abelian derived functors, it’s enough to construct such a functorial
equivalence for p-completely smooth A,-algebras S. In this case, we can identify derived (g-)de
Rham and (g¢-)crystalline cohomology:

g-dRg/4, ~ Rl crys(S/A g —1]) and dRg/a, ~ Rlays(S/4,) .

To construct the desired identification between g-crystalline and crystalline cohomology after
rationalisation, let P — S be a surjection from a p-completely ind-smooth 5—gp—algebra. Extend
the d-structure on P to Plg—1] via §(q) := 0. Let J be the kernel of P — S and let D := Dp(J)
be its p-completed PD-envelope. Finally, let ¢-D denote the corresponding ¢-PD-envelope as
defined in [BS19, Lemma 16.10]. It will be enough to construct a functorial equivalence

(-D®2Q)(,_y) ~ (P®zQ)[g—1].

If D° denotes the un-p-completed PD-envelope of J, then P — ¢-D — (¢-D®y, Q)(Aq_l) uniquely
factors through D° — (¢-D ®z Q)(Aqil). The tricky part is to show that this map extends over
the p-completion. Since D° is p-torsion free, its p-completion agrees with D°[t]/(t — p). By
Lemma A.6 below, for every fixed n > 0, every p-power series in D° converges in the p-adic
topology on (¢-D ®z Q) /(g —1)™, so we indeed get our desired extension D — (¢-D ®z Q)(Aqfl).

Extending further, we get a map (D ®z Q)[¢ — 1] — (¢-D ®z Q)(Aq_l) of the desired form.
Whether this is an equivalence can be checked modulo (¢ — 1) by the derived Nakayama lemma.
Then the base change property from [BS19, Lemma 16.10(3)] finishes the proof—up to verifying
convergence for p-power series in D°. O
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To complete the proof of Lemma A.4, we need to prove two technical lemmas about (g-)di-
vided powers. Let’s fix the following notation: According to [BSIQ Lemmas 2.15 and 2.17], we
may uniquely extend the d-structure from ¢-D to (¢-D ®z Q) 1) We still let ¢ and 6 denote
the extended Frobenius and d-map. Furthermore, we denote i)

—x—p an x :qb(x)_ x
V(x) = , Vq(7) o o(x)

the maps defining a PD-structure and a ¢-PD structure, respectively. Note that «(z) and v,(z)
make sense for all z € (¢-D ®y, @)(Aq,l) since p and [p], are invertible.

A.5. Lemma. — With notation as above, the following is true for the self-maps é and vy, of

(-D®z Q)

(a) Foralln > 1 and all a > 1, the map § sends (¢ —1)" q-D into itself, and p~*(¢—1)" g-D
into p (pO‘H)(q —1)"¢-D.

(b) Foralln > 1 and all o > 1, the map v, sends (g — 1)" ¢-D into (¢ — 1)"*t ¢-D, and
p~*(q—1)" ¢-D into p~ @tV (q — 1)" " ¢-D.

Proof. Let’s prove (a) first. Let x = p~%*(q — 1)"y for some y € ¢g-D. Since ¢-D is flat over
Zplq — 1] and thus is p-torsion free, we can compute

p(x) —aP (¢ —1)"¢(y) (qg—1)P"yP
D - patl ppa+l

o(x) =

As ¢P — 1 is divisible by ¢ — 1, the right-hand side lies in p~®**1(q — 1)* ¢-D. If a = 0, then
the right-hand side must also be contained in ¢-D. But ¢-DNp~'(q—1)"¢-D = (¢ — 1)" ¢-D
by flatness again. This proves both parts of (a). Now for (b), we first compute

Yolg—1) = <Z>(([zp]—ql) —d0(g—1)=—(q- 1)22;(];)((1— 1)~?

Hence 7,(q — 1) is divisible by (¢ — 1)2. In the following, we’ll repeatedly use the relation
Yq(zy) = ¢(y)yq(z) — 2P (y) from [BS19, Remark 16.6] repeatedly. First off, it shows that

Yo(lg=1)") = 6((g = 1)")(g — 1) = (¢ = DPo((g = 1)" ')

It follows from (a) that §((¢ — 1)"12) and ¢((q — 1)"'2) are divisible by (¢ — 1)"~!. Hence
74((g — 1)"z) is indeed divisible by (¢ — 1)""!. Moreover, we obtain

V(P (g —1)"z) = ¢(p~ )7 ((g — 1)"z) — (¢ — 1)"PaP(p™) .

Now ¢(p~®) = p~ and §(p~®) is contained in p~P*+1) g-D, hence ,(p~*(q—1)"x) is contained
in p_(pa+1)(q — 1)" g-D. This finishes the proof of (b). n

A.6. Lemma. — Let x € J. For every n > 1, there are elements yo, ..., Yyn € ¢-D such that
Yo admits q-divided powers in q-D and

Y (@) = yo + Y p 2P (g — 1) Dy,
=1

holds in ¢-D @z Q, where 4™ =~ o--. o0~ denotes the n-fold iteration of +.
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Proof. We use induction on n. For n = 1, we compute

) = Z =yl + B (50 + 50)

Note that = admits ¢g-divided powers in ¢-D since we assume z € J. Then 7,(x) admits
g-divided powers again by [BS19, Lemma 16.7]. Moreover, writing [p], = pu + (¢ — 1)P~!, we
find that ([p]l, —p)/p= (u—1)+p~1(g—1)P"L. Then (u— 1)(y,(x) + §(z)) admits g-divided
powers since v =1 mod (¢ — 1). This settles the case n = 1. We also remark that the above
equation for v(z) remains true without the assumption = € J as long as the expression v,4(z)
makes sense. _

Now assume 7™ can be written as above. We put z; = p—2(0' "+ P+ (g — 1)(p=2)+iy, for
short, so that 4" (z) = yo + 21 + - - - + 2,. Recall the relations

Yola +b) = 7g(a) + v (b +Z () W S(a+b) = 6(a ZH;()

=1

The first relation implies that v4(yo + 21+ - - + 25 is equal to v4(yo) +v4(21) + - - - +74(2n) plus
a linear combination of terms of the form yg‘o 2{t 20 with 0 < o < pand g+ -+ -+ oy = p.

Now 74(y0) admits g-divided powers again. Moreover, Lemma A.5(b) makes sure that each
v4(2i) is contained in p=2(P'++P+) (g — 1)(P=2+H1 oD Tt remains to consider monomials

Yo 21t o z9m. Put moi=max{i | a; # 0}. If a9 = p — 1, then all other o; must vanish except
o = 1. In this case, the monomial is contained in p=2(" "'+ +p+) (g — 1)-2+m o p 1f
ap < p—1, we get at least one more factor (¢ — 1) and the monomial yj°27" - - - 23" is contained

in p72(pm+---+p+1)(q _ 1)(p72)+m+1 q-D.

A similar analysis, using the second of the above relations as well as Lemma A.5(a), shows
that (u—1)d(yo+21+---+2,) and p~1(g—1)P"16(yo + 21 +- - - + 2,) can be decomposed into a
bunch of terms, each of which is either a multiple of (¢ — 1) in ¢-D, so that it admits g-divided
powers, or contained in p~ 2"+ +P+1) (¢ — 1)1 ¢-D for some 1 < i < n+ 1. We conclude that

AP I@) = 20" @)) + P2 (3, (00 )) + 60 2)) )

can be written in the desired form. O

The following remark is irrelevant for our proof of Theorem A.1, but it is occasionally useful
for technical arguments.

A.7. Remark. — There’s also an analogue of Lemma A.6 with the roles of D and ¢-D
reversed. For every z € J and n > 1, there’s an infinite sequence yg, y1, ..., € D such that yg
admits divided powers and

= 3/0+Zp A ) (q* 1)(p—2)+z‘yi

i>1

holds in (D ®z Q)[q — 1]. The proof is very similar to Lemma A.6: We write

Yalz) = (wx) 1 12k ‘p5<x>) -
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and [p], = pu + (¢ — 1)P~L. Then we use induction on n > 1. For the inductive step, we first
check that the operations 7( ), (u—1)8(=) and p~!(g — 1)P~16(—) all preserve expressions
of the desired form. Then we observe that u is a unit in Z,[¢ — 1] and so multiplication by
p/lplg=u"" Yo p ' uT (g — 1)(P=1Di also preserves expressions of the desired form.

A.8. The equivalence on g-de Rham complexes. — Suppose we’ Te given a p-completely
smooth A -algebra S together with a p-completely étale framing [1: A p(Th,....,Tg) — S. In
this case, the g-crystalline cohomology can be computed as a ¢g-de Rham complex

RT g crys (S/Apla — 11) =~ ¢-Q%/2 1

by [BS19, Theorem 16.22]. Similarly, it’s well-known that the crystalline cohomology is given
by the ordinary de Rham complex 2% /A, (recall that according to Convention A.3, all (¢-)de

Rham complexes of the p-complete ring S will implicitly be p-completed). In this case, an
explicit isomorphism of complexes

(CI‘QE‘/,ZP’D Xz @)(Aq_l) = (Qé/gp Xz @) lg —1]

can be constructed as explained in [Sch17, Lemma 4.1]: One first observes that, after rationali-
sation, the partial g-derivatives ¢-0; can be computed in terms of the usual partial derivative

0; via the formula
log(q) log(q)" (n—1)
-0; = ————(0;T; i 5
q-0 (q_1+§n!(q_l)(a ) 0

see [BMS18, Lemma 12.4]. Here log(q) refers to the usual Taylor series for the logarithm around
q = 1. Noticing that the first factor is an invertible automorphism, one can then appeal to
the following general fact: If M is an abelian group together with commuting endomorphisms
g1, ..., 94 and commuting automorphisms A, ..., kg such that h; commutes with g; for ¢ # j
one always has an isomorphism Kos*(M, (g1,...,94)) = Kos™(M, (h1g1, ..., hagq)) of Koszul
complexes.(*1)

We would like to show that this explicit isomorphism is compatible with the one constructed
in Lemma A.4. To this end, let’s put ourselves in a slightly more general situation: Instead of
a p-completely étale framing [J as above, let’s assume we're given a surjection P — S from a
p-completely ind-smooth Ep—algebra P, which is in turn equipped with a p-completely ind-étale
framing [J: A\p(mi | © € I) — P for some (possible infinite) set I. Then Ep@i | © € I) carries a
5—Ep—algebra structure characterised by d(x;) = 0 for all ¢ € I. By [BS19, Lemma 2.18], this
extends uniquely to a 6—2p—algebra structure on P. If J denotes the kernel of P — S, we can
form the usual PD-envelope D := Dp(J), and the g-PD-envelope ¢-D as before. Furthermore,
we let QE /A, and q—(u);“f DA, denote the usual PD-de Rham complex and the ¢-PD-de Rham
complex from [BS19, Construction 16.20], respectively (both are implicitly p-completed).

A.9. Lemma. — With notation as above, there is again an explicit isomorphism of complezxes

~

(q_Q;D/ﬁp,D ®z Q) (Aq—l) — (QE/@, ®z Q)g —1].

Proof. This follows from the same recipe as in A.8, provided we can show that the formula for
g-0; in terms of J; remains true under the identification (¢-D ®, Q)(Aq_l) = (D®zQ)[q—1]

(A-DWe don’t require h; to commute with g; (and it’s not true in the case at hand).
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from the proof of Lemma A.4. But for every fixed n, the images of the diagonal maps in the
diagram

(P®zQ)[g—1]

— T

(-D®zQ)/(q—1)" - (D®zQ)lg —1]/(¢—1)"

are dense for the p-adic topology and for elements of (P ®z Q)[¢q — 1] the formula is clear. [

A.10. Lemma. — With notation as above, the following diagram commutes:
(RF‘I‘CWS (S/Apﬂq - 1]]) ®IZ Q) (g=1) (A:.4) <RFcrys (S/Ap) ®IZ Q) [[q - 1]]
(q_Qz’D/A\p,D ®Z Q) E\q—l) (Azg) (Q*D/A\p,lj ®Z Q) [[q - 1]]

Here the left vertical arrow is the quasi-isomorphism from [BS19, Theorem 16.22] and the right
vertical arrow s the usual quasi-isomorphism between crystalline cohomology and PD-de Rham
complezes.

Proof. Let P*® be the degreewise p-completed Cech nerve of pr — P and let J* C P* be the
kernel of the augmentation P®* — S. Let D® := Dps(J*), be the PD-envelope and let g-D*® be
the corresponding g-PD-envelope. Finally, form the cosimplicial complexes

M®* — Q’B'/A\p and q—Mo,* = q_QZ*D./A\p,D .

In the proof of [BS19, Theorem 16.22] it’s shown that the totalisation Tot(q-M**) of g-M**
is quasi-isomorphic to the O column ¢-M%* = q—Q;"_ DJA, 0 but also to the totalisation of the

0t row Tot(qg-M*?) = Tot(g-D*®). This provides the desired quasi-isomorphism

Q% /4, 0 = Tot(q-M**) = Tot(q-D*) =~ Ry crys (S/Ag — 1]) -

In the exact same way, the quasi-isomorphism Q*D A, = RTrys(S/ /Tp) is constructed using the
cosimplicial complex M** in [Stacks, Tag 07LG]. Applying Lemma A.9 column-wise gives
an isomorphism of cosimplicial complexes (¢-M** ®y, Q)(Aq_l) > (M** ®zQ)[g — 1]. On O
columns, this is the isomorphism from Lemma A.9, whereas on 0" rows it is the isomorphism
from Lemma A.4. This proves commutativity of the diagram. O

§A.2. The global g-de Rham complex

From now on, we no longer work in a p-complete setting, but we keep Convention A.3.

A.11. Doing §A.1 for all primes at once. — Fix n and put N, =[], Q2T L)
where the product is taken over all primes ¢ < n. Now fix an arbitrary prime p and let P, D,
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and ¢-D be as in §A.1. We've verified that the map P — ¢-D — ¢-D/(q — 1)" ®z Q admits a
unique continuous extension

P——q¢D/(qg-1)"®zQ

-7

But in fact, Lemma A.6 shows that this extension already factors through N, ¢-D/(q — 1)",
no matter how our implicit prime p is chosen. This observation allows us to construct canonical
maps dRg /4, — N1 q-dRg,/4,/(qg —1)" for all animated rings R and all n > 0. Taking the
product over all p and the limit over all n allows us to construct a map

(H ¢-dRg, )4, ®% @>
p

compatible with the one from Lemma A.4. This map is an equivalence as indicated, as one
immediately checks modulo ¢ — 1.

A

| — (H dRp, /4, ®7 @) lg—1].

(q

A.12. Construction. — For all smooth A-algebras S, we construct the g-de Rham complex
of S over A as the pullback

082/ [14-9,/3,
p

I

(25,7 Q)¢ — 1] — (H % 5 @z @) [o—1]

Here the right vertical map is the one constructed in A.11 above.

Proof of Theorem A.1. We've constructed g-{2g/4 in Construction A.12. Functoriality is clear
since all constituents of the pullback are functorial and so are the arrows between them. Modulo
(g — 1), the pullback reduces to the usual arithmetic fracture square for Qg 4, proving (a). By
construction, (¢-Qg/4)p ~ ¢-Qg,,4,, and so (b) follows from [BS19, Theorem 16.18]. Part (c)
follows again from the construction.

For (d), suppose S is equipped with an étale framing O: A[x1,...,z4] — S. The same
argument as in A.8 provides an isomorphism (q-€0,, 5 ®z Q)(Aq_l) = (€25, ®z Q)g — 1]. The
compatibility check from Lemma A.10 now allows us to identify the pullback square for ¢-Q25,4
with the usual arithmetic fracture square for the complex ¢-2% A0 completed at (¢ — 1). This
shows ¢-Qg/4 ~ q—Qj‘g/Aﬂ, as desired.

For the additional assertion, it’s clear from the construction that a base change morphism

(924 ®FA) () — ¢ @an/a

exists and that it reduces modulo (¢ — 1) to the usual base change equivalence for the de Rham
complex. In particular, it must be an equivalence as well. This finishes the proof. O
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A.13. Upgrade to derived commutative AJq — 1]-algebras. — Let us explain how to
lift the ¢-de Rham complex to a functor
q—Q_/A: SmA — (DAlgA[[q—l}])E\q—l)

into the oco-category of (¢ — 1)-complete derived commutative AJg — 1]-algebras. The key
observation is that all limits and colimits in derived commutative A[qg — 1]-algebras can be
computed on the level of underlying E..-A[q — 1]-algebras by [Rak21, Proposition 4.2.27].
Thus, by compatibility with pullbacks, it’ll be enough to lift the three components of the
pullback from Construction A.12 to derived commutative Ag — 1]-algebras. By compatibility
with cosimplicial limits, it’ll be enough to construct functorial cosimplicial realisations of {1g/4,
Qgp/gp’ and q_Qgp/gp'

For the latter two, the comparison with (g-)crystalline cohomology easily provides such
realisations. But the same trick works just as well for {2g,4: Let P — S be any surjection from
an ind-smooth-A-algebra (which can be chosen functorially; for example, take P := A[{Ts}ses]),
form the Cech nerve P® of A — P, let J* C P* be the kernel of the augmentation P®* — S, and
let D*® := Dps+(J*®) be its PD-envelope. Then g4 >~ Tot Dpe(J*) holds by a straightforward
adaptation of the proof of [BS19, Theorem 16.22]: Namely, one considers the cosimplicial
complex

M.’* = Q*D'/A

and checks that each column M%* is quasi-isomorphic to M* (this is the Poincaré lemma)
and that each row M*7 for j > 0 is nullhomotopic (e.g. by [Stacks, Tag 07L7] applied to the
cosimplicial ring D*®).

In fact, this argument can be used to show something even better: Since the de Rham
complex 2% /A and its PD-variants Q’EP.( Jo)/A Are commutative differential-graded A-algebras,
they define elements in Raksit’s oco-category DG_ DAlg 4 [Rak21, Definition 5.1.10], which gives
another construction of a derived commutative algebra structure on {2g/4. But the argument
above shows that {0g/4 >~ Tot Dps(J*) holds true as derived commutative A-algebras.

A.14. Derived global g-de Rham complexes. — We let ¢-dR_ 4 denote the animation
of g-Q2_ 4. For all animated A-algebras R, we call ¢-dRp/4 the derived q-de Rham complezx of
R over A. By construction, it sits inside a pullback square

q-dRp)a [[edRz,,4,
p

- |

(dRp/a ®z Q)[g — 1] — (H dRg, /4, ®F Q) [q —1]

where the right vertical map again comes from A.11. Tt’s still true that ¢-dR_,4/(¢—1) ~ dR_ 4
and that g-dR_ 4 lifts canonically to (¢ — 1)-complete derived commutative A[q — 1]-algebras
(this follows immediately from compatibility with colimits as explained in A.13).

However, in contrast to the p-complete situation, it’s no longer true that the values on smooth
A-algebras remain unchanged under animation (only the values on polynomial algebras do). In
fact, this already fails for the derived de Rham complex in characteristic 0. If g-dRg/4 can be
equipped with a g-deformation of the Hodge filtration, this problem can be fixed by considering
the g-Hodge-completed derived g-de Rham complex g-dRp/4 (see Proposition 3.47(a)).

76


https://arxiv.org/pdf/2007.02576#block.4.2.27
https://arxiv.org/pdf/1905.08229.pdf#theorem.16.22
http://stacks.math.columbia.edu/tag/07L7
https://arxiv.org/pdf/2007.02576#block.5.1.10

Appendix B. HABIRO-COMPLETION

Appendix B. Habiro-completion

In this appendix we'll study the Habiro completion functor (—)3, = limmeN(—)(Aqn_l) and show
that it behaves for all practical purposes like completion at a finitely generated ideal. We’ll
also study Habiro completion in the setting of solid condensed mathematics.

In the following, we’ll use the notion of killing an idempotent algebra, which is nicely reviewed
in [CS24, Lecture 13].

B.1. Habiro-complete spectra. — Following Manin [Man10, §0.2], let us denote the local-
isation Z[¢*!, {(¢™ — 1) "' }imen] by R and let Sg = S[¢*!, {(¢™ — 1)~ }1nen] be its obvious
spherical lift. Then S is an idempotent algebra over S[¢g™'] and we define the co-category of
Habiro-complete spectra
Mods,, (Sp)7, € Modg+11(Sp)

to be the full sub-oco-category obtained by killing the idempotent Sz. That is, ModSH(Sp);[
consists of those M € Modg,+1)(Sp) such that Homg,+1)(Sg, M) ~ 0.

It’ll be apparent from Lemma B.2 below that the inclusion Mods,, (Sp)3, € Modsp,+17(Sp)

has a left adjoint (—), = limmeN(—)(Aqm_l) which we call Habiro-completion. When applied to
the tensor unit, we obtain the spherical Habiro ring

S'H = ylriglilg[q](qul) .

Note that ¢ is already a unit in Sy, so it doesn’t matter whether we complete S[q] or S[¢*'].
We let — ®SH — denote the Habiro-completed tensor product in Mods,, (Sp)%. We also let

D(H) C D(Z[¢*']) denote the full sub-co-category of Habiro-complete objects and denote its
completed tensor product by — @%{ —.

B.2. Lemma. — For a S[qﬂ]—module spectrum M, the following conditions are equivalent.
(a) M is Habiro-complete.

(b) Homgp,+1(Sr, M) ~ 0.

(¢) The canonical S[g™]-module morphism

. . ~ . A
M — 71;;1} M/(q;q)n ~ Tlr}gl\]M(qm—l)

is an equivalence. Here (a;q), == (1—a)(1—aq)---(1—aq™ 1) denotes the q-Pochhammer
symbol, as usual.

(d) All homotopy groups mp, (M), n € Z, are Habiro-complete.

Proof. The proof is analogous to [Stacks, Tag 091P]. Equivalence of (a) and (b) follows
by definition of what it means to kill the idempotent Sg. Condition (b) is equivalent to
M ~ Homg[qﬂ](ﬁb(S[qil] — Sgr), M). Writing

fib(S[g™'] — Sgr) ~ z—lcohm<S[qi1]/(q; a1 L S1E /(s q)p L2 )

we see that this condition is equivalent to M ~ lim,>1 M/(q; q)n, thus (b) < (c). Finally, to
show (a) < (d), consider the Postikov filtration 7>,(M). This allows us to define a descending
filtration on Homgpg+1)(Sg, M) via

fil* Homg,+11(Sg, M) := Homgg+1) (Sg, 74 (M)) .
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This filtration is complete, because 0 ~ limy, o 7>, (M) can be pulled into Homg,+1(Sw, —).
To show that the filtration is exhaustive, we need to check that M ~ colim,,, o 7>, (M) can
similarly be pulled into Homg,+1)(S, —). This works because Sz is connective, whereas the
cofibres cofib(7>p (M) — M) ~ 7<,—1(M) become more and more coconnective as n — —oo.

Since each 7, (M) is already a Z[¢']-module, the associated graded of this filtration is
given by

gr" Homg[qil] (SR, M) o~ Homg[qﬂ] (SR, Enﬁn(M)) ~ " RHomZ[qil] (R, 7Tn<M)) .
Now R has a two-term resolution by free Z[qil]—modules. For example, take
0— PDzl¢"'] — DZl¢"'] — R —0,
i>0 i>0

where the first arrow sends (a;)i>0 — (a; — (¢;9)iai—1)i>0 (with a_; := 0) and the second arrow
sends (a;)iz0 = ;50 @i/(q; )i- 1t follows that X" RHomg,+1)(R, m,(M)) is concentrated in
homological degrees [n — 1,n]. Combined with the fact that the filtration is complete and
exaustive®1) | we obtain short exact sequences

0— EXt%[qil] (R, Ton1(M)) — 7, Homgg+11(Sr, M) — Homygj+1 (R, mn(M)) — 0

for all n € Z. Therefore, Homgg+1)(Sg, M) vanishes if and only if RHomgz+17(R, mn(M))
vanishes for all n € Z, which proves that M is Habiro-complete if and only if each 7, (M) is. O

We have the following “derived Nakayama lemma”.

B.3. Lemma. — Let M be a Habiro-complete spectrum. If M/®,,(q) ~ 0 for all m € N,
then M ~ 0. If M is an ordinary Z[qT']-module, the same conclusion is already true if the
quotients are taken in the underived sense.

Proof. By the usual derived Nayama lemma, if M/®,,(¢) ~ 0, then M(gm(q) ~ 0, hence
M(Aqm,l) ~ 0. By Lemma B.2(c), this implies M ~ 0. Now suppose M is an ordinary Z[q¢*']-
module such that the underived quotients M /®,,(q) vanish for all m € N. We argue as in

[Stacks, Tag 09B9]. The assumption implies that multiplication by (g; q), is surjective on M
for all n > 1. It follows that the underived limit of

<M (g:9)1 M (g:9)2 M (4:9)3 )

is non-zero. Then the derived limit is non-zero as well, which forces Homg[qil](S'R, M) #£ 0, so
M is not Habiro-complete. ]

B.4. Corollary. — Let M be a Habiro-complete spectrum and fizn € Z. If mp,(M/®,(q)) =0
for all m € N, then already m,(M) = 0.

Proof. The underived quotient 7, (M)/®,,(q) is a sub-Z[¢*']-module of m,(M/®,,(q)), so if
(M /Py, (q)) vanishes, then the underived quotient 7, (M)/®,,(q) vanishes as well. If this is
happens for all m € N, Lemma B.3 implies 7, (M) = 0, because m,(M) is Habiro-complete by
Lemma B.2(d). O

(B-D) Alternatively, observe that the spectral sequence associated to the filtered spectrum fil* Homgp,+17(Sr, M)
collapses on the E?-page.
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B.5. Remark. — In Lemma B.3 and Corollary B.4, we could equally well replace {®,,(q) }men
by {(¢™ — 1) }men, or {(¢; ¢)n}n>1, or any set of polynomials in which each ®,,(q) occurs as a
factor at least once.

To finish this appendix, we’ll show that bounded below Habiro-complete objects are closed
under the solid tensor product. To this end, let us first briefly review the (solid) condensed
formalism of Clausen—Scholze [CS24].

B.6. Solid condensed recollections. — Let Cond(Sp) denote the oo-category of (light)
condensed spectra, that is, hypersheaves of spectra on the site of light profinite sets as defined
by Clausen and Scholze [CS24]. The evaluation at the point (—)(*): Cond(Sp) — Sp admits a
fully faithful symmetric monoidal left adjoint (—): Sp — Cond(Sp), sending a spectrum X to
the discrete condensed spectrum X.

One can develop a theory of solid condensed spectra along the lines of [CS24, Lectures 5-6].
Let Null := cofib(S[{oo}] — S[NU{oo}]) be the free condensed spectrum on a null sequence. Let
o: Null — Null be the endomorphism induced by the shift map (=) + 1: NU {co} — N U {oo}.
Recall that a condensed spectrum M is called solid if

1 — o*: Homg(Null, M) — Homg (Null, M)

is an equivalence, where Homg denotes the internal Hom in Cond(Sp). We let Spg € Cond(Sp)
denote the full sub-oco-category of solid condensed spectra. Then Sp, is closed under all
limits and colimits. This implies that the inclusion Sp, € Cond(Sp) admits a left adjoint
(—)": Cond(Sp) — Spg- It satisfies (M ® N)® ~ (M" ® N)®, which allows us to endow Spy
with a symmetric monoidal structure, called the solid tensor product, via M @"* N := (M ® N)™.

B.7. Habiro-complete solid condensed spectra. — We can also define Habiro-complete
objects and Habiro completion inside Modg[,+1)(Spa). To every ordinary Habiro-complete
spectrum M, we can associate a Habiro-complete solid condensed spectrum by taking the
condensed Habiro-completion of the associated discrete condensed spectrum M. By abuse of
notation, this Habiro-complete solid condensed spectrum will be denoted M again, and then
“M +— M?” defines a fully faithful functor

MOdSH (Sp)’/}\-[ — MOdSH (Spl) )
which is still fully faithful, since it’s straightforward to check that the unit is still an equivalence.

B.8. Lemma. — The solidified tensor product — ®§n — preserves bounded below Habiro-
complete objects. In particular, the fully faithful functor Mods,, (Sp), — Mods,, (Spg) from B.7
is symmetric monoidal when restricted to bounded below objects.

Proof sketch. The proof is analogous to the proof that the solid tensor product preserves
bounded below p-complete objects (see [CS24, Lecture 6] or [Bos23, Proposition A.3]), but let
us still sketch the argument.

First we claim that Sy is idempotent in Modg[,+11(Spa). Indeed, each stage of the limit
Sy =~ lim,>1 S[¢*']/(q; @)n is a finite direct sum of copies of S. Limits of this form interact well
with the solid tensor product (as [[yS ®" [[§S =~ [Ix«nS) and we obtain

S ®" Sy = n}}g‘%ﬁ]/(m; a1)m & S[65]/ (@25 42)n ) = Tim S[gr, @2y g1y

79


https://www.youtube.com/watch?v=bdQ-_CZ5tl8&list=PLx5f8IelFRgGmu6gmL-Kf_Rl_6Mm7juZO
https://www.youtube.com/watch?v=KKzt6C9ggWA&list=PLx5f8IelFRgGmu6gmL-Kf_Rl_6Mm7juZO
https://youtu.be/KKzt6C9ggWA?list=PLx5f8IelFRgGmu6gmL-Kf_Rl_6Mm7juZO&t=3288
https://arxiv.org/pdf/2306.06100.pdf#theorem.A.3

Appendix B. HABIRO-COMPLETION

Taking the solidified tensor product over S[g™!] instead amounts to identifying ¢; and go, which
implies Sy ®§[qi1] Sy ~ Sy, as desired. A similar argument shows [[S ®" Sy >~ [[Su, so
Mods,, (Spa) is compactly generated by shifts of [ [ Sx.

Now let M and N be bounded below and Habiro-complete. We wish to show that M ®§H N
is Habiro-complete again. Using that Habiro-completion is a countable limit and thus commutes
with wi-filtered colimits, we can reduce to the case where M and N are the Habiro-completions
of countable direct sums of the form P,y [];, S#, where each I, is countable as well. For
ease of notation, let us assume |I,,| = 1 for all n; the argument in the general case is exactly
the same. The Habiro completion of (B, cyy S can be written as

(@ SH) ~ colim | | (4;4) () »
f: N—=N,
neN H Fn)— neN

where the colimit is taken over all functions f: N — N such that f(n) — oo as n — oco. It
follows that

M ®§, N~  colim I (@9 r0m)(@a)gmSn-
fr9: N—>N,
f(n), (n)—»oo (m,n)ENXN
Observe that (¢; q) (m) (¢ @) g(n) divides (¢; @) f(m)+g(n), Decause g-binomial coefficients are poly-
nomials in Z[q]. Moreover, for every h: N x N — N such that h(m,n) — oo as m +n — oo
there exist f,g: N — N such that f(n),g(n) — co and h(m,n) > f(m) + g(n) for all m, n. By
the same argument as for p-completions, it follows that the colimit above can be rewritten as

M®§HN: colim H (¢;9)n mnSH—<<‘BSH®SH<‘BSH> . O

: NxN—N
h(m n):oo (m,n)eNxN meN neN
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